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PREFACE

The series of manuals on techniques describes procedures for planning and
executing specialized work in water-resources investigations. The mate‘rié’l is
grouped -tnder major subject headings called books and fu‘rther subdxvldéﬁ‘ i.xvrfio
sections and chapters; section B of book 3 is on ground- witbér t’ec‘hmtj&ié%

Provisional drafts of chapters are distributed to field offices of t{{e U.S.
Geological Survey for their use. These drafts are subject to revision bét4ase of
experience in use or because of advancement in knowledge, techniques, or
equipment. After the technique described in a chapter is sufficiently developed,
the chapter is published and is sold by the U.S. Geological Survey, 1200 South
Eads Street, Arlington, VA 22202 (authorized agent of Superintendent of
Documents, Government Printing Office).
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The U.S. Geological Survey publishes a series of manuals describing pro-
cedures for planning and conducting specialized work in water-resources in-
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Eads Street, Arlington, VA 22202 (an authorized agent of the Superintendent
of Documents, Government Printing Office).
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they-are subject to change. Current prices can be obtained by calling the
USGS Branch of Distribution, phone (202) 751-6777. Prices include cost of
domestic surface transportation. For transmittal outside the U.S.A. (except to
Canada and Mexico) a surcharge of 25 percent of the net bill should be included
to cover surface transportation,

When ordering any of these publications, please give the title, book number,
chapter number, and “U.S. Geological Survey Techniques of Water-Resources
Investigations.”
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TYPE CURVES FOR SELECTED PROBLEMS OF FLOW TO WELLS
IN CONFINED AQUIFERS

By J. E. Reed

Abstract

This report presents type curves and related material for
11 conditions of flow to wells in confined aquifers. These
solutions, compiled from hydrologic literature, span an
interval of time from Theis (1935) to Papadopulos; Bre-
déhoeft, and Cooper (1973). Solutions are presented for
constant discharge, constant drawdown, and variable dis-
charge for pumping wells that fully penetrate leaky and
nonleaky aquifers. Solutions for wells that partially pene-
trate leaky and nonleaky aquifers are included. Also, so-
lutions are included for the effect of finite well radius and
the sudden injection of a volume of water for nonleaky
aquifers. Each problem includes the partial differential
equation, boundary and initial conditions, and solutions.
Programs in FORTRAN for calculating additional function
values are included for most of the solutions.

Introduction

The purpose of this report is to assemble,
under one cover and in a standard format, the
more commonly used type-curve solutions for
confined ground-water flow toward a well in an
infinite aquifer. Some of these solutions are
only published in several different journals;
some of these journals are not readily obtain-
able. Other solutions which are included in
several references ‘for example, Ferris and
others, 1962; Walton, 1962; Hantush, 1964a;
Lohman, 1972) are included here for complete-
ness.

The need for a compendium of type curves for
aquifer-test analysis was recognized by Robert
W. Stallman, who initiated the work on it.
However, ill health and the press of other
duties prevented him from personally carrying
out his concept, but he never ceased to advocate
the need for the compendium. Although it is
reduced in scope from his origina!l concept, this

report should be recognized to be a result of
Stallman’s foresight and endeavors in the field
of ground-water hydrology.

TWe type-curve method was devised by C. V.
Theis (Wenzel, 1942, p. 88) to determine the
two t#iknown parameters, S and T, in the
equations

s = (Q47T)W(w)
and
u = r:S/(4Tt),

where s is the drawdown in water level in re-
sponse to the pumping rate @ in an aquifer
with transmissivity T and storage coefficient S.
The distance r from the pumping well, and the
elapsed time ¢ since pumping began, combine
with S and T to define a dimensionless variable
« and corresponding dimensionless response
W (u). Briefly, the method consists of plotting a
function curve or type curve, such as (Vu,W(u))
on logarithmic-scale graph paper, and plotting
the time-drawdown (¢-s) data on a second
sheet having the same scales. This is equiva-
lent to expressing the preceding equations as

log s = log Q47T + log W(uw)
and

log 1/u = logt + log 4T/r*S.

If the two sheets are superimposed and
matched, keeping coordinate axes parallel, as
shown in figure 0.1, the respective coordinate
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FiGURE 0.1.—Relation of 1/u,W(u) type curve and ¢, s data plot. Modified from Stallman (1971, p. 5, fig. 1).

axes will be related by constant factors:
s/W(u)=C, and t/(1/u)=C,. The values of these
two constants are

C.,=Q/4nxT)
and
C,=r*S/(4T).

Thus, a common match point for the two curves
may be chosen, and the four coordinate
points—W(u), 1/u, s, and t—recorded for the
common match point. T can be obtained from
the equation T=QW (u)/(4ms), and then S can
be solved from the equation S =4T'ut/r?, where
W(u), 1/u, s, and t are the match-point values.

It is apparent that the type curves, and data,
can be plotted in several ways. That is, the
function curve, using W(u) as an example,
could be plotted as (u,W (1)) with corresponding

data plots of (1/¢,s) or (r¥/t,s); or could be plotted
as (1/u,W{u)) with corresponding data plots of
(¢,8) or (t/r%s). The type-curve method is cov-
ered more fully by Ferris, Knowles, Brown, and
Stallman (1962, p. 94).

The type curves presented in this report are
shown on two different plots. One plot has both
logarithmic scales with 1.85 inches per log-
cycle, such as K and E 467522.' The other plot
is arithmetic-logarithmic scale with the
logarithmic scale 2 inches per log-cycle and the
arithmetic scale with divisions at multiples of
0.1, 0.5, and 1.0 inches, such as K and E
466213.

Other methods exist for analysis of aquifer-
test data. Among them are methods based on
plots of data on semi-log paper, developed by

'The use of brand names in this report is for identification purposes only
and does not imply endorsement by the Ui.S. Geological Survey.
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Jacob (Ferris and others, 1962, p. 98) and by
Hantush (1956, p. 703). These methods are
useful, but they are beyond the scope of this
report.

Aquifer tests deal with only one component
of the natural flow system. The isolation of the
effects of one stress upon the system is based
upon the technique of superposition. This tech-
nique requires that the natural flow system
can be approximated as a linear system, one in
which total flow is the addition of the individ-
ual flow components resulting from distinct
stresses.

The use of the principle of superposition is
implied in most aquifer-test analyses. The
term “superposition,” as here applied, is de-
rived from the theory of linear differential
equations. If the partial-differential equation
is linear (in the dependent variable and its de-
rivatives), two or more solutions, each for a
given set of boundary and initial conditions,
can be summed algebraically to obtain a solu-
tion for the combined conditions. For instance,
consider a situation (fig. 0.2) where a well has
been pumping for some time at a constant rate
Q., and the drawdown trend for that pumping
rate has been established. Assume that the
pumping rate increases by some amount AQ at

DEPTH TO WATER

some time ¢,. Then the drawdown for that step
incrase in rate will be the change in drawdown
from that occurring due to the pumpage Q..

Programs, written in FORTRAN, for cal-
culating additional function values are in-
cluded for most of the solutions. Some of the
type-curve solutions would require an unrea-
sonably long tabulation to include all the pos-
sible combinations of parameters. An alterna-
tive to a tabulation is the computer program
that can calculate type-curve values for the pa-
rameters desired by the user. The programs
could be easily modified to calculate aquifer re-
sponse to more than one well, such as well
fields or image-well systems (Ferris and others,
1962, p. 144). The programs have been tested
and are probably reasonably free from ‘error.
However, because of the large number of ppssi-
ble parameter combinatioms, ‘it was possible to
test only a sample of possible parameter val-
ues. Therefore, errors might occur in future use
of these programs.

“An aquifer test is a controlled field experi-
ment made to determine the hydraulic prop-
erties of water-bearing and associated rocks”
(Stallman, 1971). The areal variability of hy-
draulic properties in an aquifer limits aquifer
tests to integrating these properties within the

Extrapolated trend

oM

Drawdown from AQ

Pumping rate = Q, | Pumping rate = Qo+ AQ
—t—
4
TIME

FiGURE 0.2.—The application of the principle of superposition to aquifer tests.
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cone of depression produced during the test.
Aquifer-test solutions are based on idealized
representations of the aquifer, its boundaries,
and the nature of the stress on the aquifer. The
type-curve solutions presented in this report
all have certain assumptions in common. The
common assumptions are that the aquifer is
horizontal and infinite in areal extent, that
water is confined by less permeable beds above
and below the aquifer, that the formation pa-
rameters are uniform in space and constant in
time, that flow is laminar, and that water is
released from storage instantaneously with a
decline in head. Also implicit is the assumption
that hydraulic petential or head is the only
cause of flow in the system and that thermal,
chemical, density, or other forces are not affect-
ing flow. In addition to these common assump-
tions are special assumptions that characterize
each solution summary. An important first
step in aquifer-test analysis is deciding which
simplified representations most closely match
the usually complex field conditions.

Generally the best start in the analysis of
aquifer-test data is with the most general set of
type curves that apply to the situation, kzp»ing
in mind limitations of the method and etrects
that cause departures from the theoretical re-
sults. For example, the most general set of type
curves for constant discharge presented in this
report is for leaky aquifers with storage of
water in the confining beds, solution 5. This
includes, as a limiting case, the curve for a non-
leaky aquifer. The most severe limitation on
this set of curves is that they apply only at
early times, as specified in solution 5.

Some of the effects that cause departure from
the theoretical curves are partial penetration,
finite well radius, and variable discharge for
the pumped well. The effects of partial penetra-
tion must be considered when r/b<1.5, and be-
cause vertical-horizontal anisotropy is prob-
ably a common condition, these effects should
be considered for r/b<10. The effect of finite
well radius should be considered for early
times, as specified in solution 8. The effects of
variable discharge depend upon the manner of
the variation. A change in discharge is more
important if the change is monotonic, either
continually increasing or decreasing. This fact
is shown by the type curves for solution 11,

where a monotonic change of 10 percent caused
a significant departure from the Theis curve. If
the discharge variation consists of random
“noise” about a constant discharge, a 10-
percent variation is not significant. The most
general set of type curves for tests on flowing
wells is solution 7, for leaky aquifers, which
includes nonleaky aquifers as a limiting case.
The only set of curves for slug tests is given in
solution 9.

A recurring problem in type-curve solution
for unknown hydrologic parameters is that of
nonuniqueness. That is, function curves for dif-
ferent parameter values sometimes have simi-
lar shapes. An example of this is given by
Stallman (1971, p. 19 and fig. 6). He indicated
that the selection of the conceptual model is
very important in interpreting the test results.
Equally important is adequate testing of the
conceptual model. Corroboration of the concep-
tual model is indicated by similar results for
hydrologic parameters from data collected at
varying distances from the pumped well,
depths within the aquifer, and at different ob-
servation times However, proof of suitability
of the conceptual model ultimately rests on
field investigations and not on curve matching.

As an example of similar curve shapes for
different situations, consider the case of con-
stant discharge in a nonleaky aquifer with ex-
ponentially varying thickness. The thickness,
b, is equal to byexp{~2(X—X,Ya], where b,
and X, are the thickness and X-coordinate, re-
spectively, at the site of the discharging well
and a is a parameter. The drawdown for this
situation is given by Hantush (1962, p. 1529):

s=(Q/4mKb,)} exp (r/a cos ©) W(u,ria),

where

x
W(u,B)=f (exp(—y—B*4y)ly) dy,

u

u=r*S./4Kt,

Q@ is the discharge, r is the distance from the
discharging well, O is the angle, with apex at
the discharging well, between the observation
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well and the positive X-axis, K is the hydraulic
conductivity of the aquifer, and S, is the
specific storage coefficient of the aquifer. This
sodution is similar to the equation describing
drgwdown in a leaky artesian aquifer (Han-
tush, 1956, p. 702), which is

s = (Q/4nT) W(u,r/B),

with T=Kb, B=V Tb'/K', and b' .and K' are

the thickness and hydraulic conductivity, re-
spéctlvely, of the leaky confining bed The
other symbols are used as above.

These two functions have the same shape
when plotted on logarithmic paper, and draw-
d n resulting from one func%mn could be

ppose, as an example thz‘ft the. “ebs‘ewve?i
data” are described by the function for the
aguifer with exponentially changing thickness.
Suppose, also, that the hydrologist is unaware
of the variation in thickness and that the fam-
ily of type curves for leaky aquifers without
storage in the confining beds, solution 4, has
been chosen for analysis of the “observed data.”
Matching the data plots to the type curves and
solving for unknown parameters by the
methods suggested in solution 4 gives for the
ratio of K,, the apparent hydraulic conductiv-
ity, to K, the true hydraulic conductivity, K,/
K =exp((r/a) cos ©). The ratio would be close to
one only in the vicinity of the discharging well.
The diffusivity, K/S,, would be determined cor-
rectly, but the apparent specific storage coeffi-
cient would have the same percentage error as
the apparent hydraulic conductivity. Most im-
portant of all, the erroneous conclusion would
be that the aquifer is leaky, with leakage pa-
rameter B = VKbb'/K' = a. This somewhat
contrived example illustrates a principle in the
interpretation of aquifer-test data. Conclusions
about the hydrologic constraints on the re-
sponse of the aquifer to pumping should not be
based on the shape of the data curves. Infer-
ences may be made from these curves, but they
must be verified by other hydrologic and
geologic data. Therefore, proof of the suitabil-
ity of the conceptual model must come from
field investigations.

Many of the old reports of the U.S. Geological
Survey contain references to the terms “coeffi-

cient of transmissibility” and “field coefficient
of permeability.” These terms, which were ex-
pressed in inconsistent units of gallons and
feet, have been replaced by transmissivity and
hydraulic conductivity (Lohman and others,
1972, p. 4 and p. 13). Transmissivity and hy-
draulic conductivity are not solely properties of
the porous medium; they are also determined
by the kinematic viscosity of the liquid, which
is a function ofstemperature. Field determina-
tions of transmissivity or hydraulic conductiv-
ity are made at prevailing field temperatures,
and no corrections for temperature are made.

Summaries of Type-Curve
Solutions for Corifined
Gr@undﬂWcﬁ@F Flow
Toward a Well ia-an Infinite
Aquifer
Solution 1: Constant discharge

from a fully penetrating well in a
nonleaky aquifer (Theis equation)

Assumptions:
1. Well discharges at a constant rate, Q.
2. Well is of infinitesimal diameter and
fully penetrates the aquifer.
3. Aquifer is not leaky.
4. Discharge from the well is derived ex-
clusively from storage in the aquifer.

Differential equation:
0%s/dr? + (Ur) (8s/ar) = (S/T)8s/0t)

Boundary and initial conditions:

s(r,0) =0, r=0 (1)
s(=,t) =0,t=0 (2)
\ 0,t<0
Q =? (3)
fconstant >0, £=0
9 _ _ Q o
rh_mordr 27T’ t=0 @)

Equation 1 states that initially drawdown is
zero everywhere in the aquifer. Equation 2
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states that the drawdown approaches zero as
the distance from the well approaches infinity.
Equation 3 states that the discharge from the
well is constant throughout the pumping
period. Equation 4 states that near the pump-
ing well the flow toward the well is equal to its
discharge.

Solution (Theis, 1935):

XX
_Q (e
8 47rTu y Y
w =S
4Tt’

where

X
f e’ dy = W(u) = —0.577216 — log.u + u
Y
u

u'.! u.‘l u-l
-t et
212 3! 44

Comments:

Assumptions made are applicable to artesian
aquifers (fig. 1.1). However, the solution may
be applied to unconfined aquifers if drawdown
is smail compared with the saturated thickness

\__\//]

Static level

of the aquifer and if water in the sediments
through which the water table has fallen is dis-
charged instantaneously with the fall of the
water table. According to assumption 2, this
solution does not consider the effect of the
change in storage within the pumping well.
Assumption 2 is acceptable if

t>2.5x10°r3T

(Papadopulos and Cooper, 1967, p. 242), where
r. is the radius of the well casing in the interval
over which the water-level declines, and other
symbols are as defined previously. Figure 1.2
on plate 1 is a logarithmic graph of
W(u)=4=sT/Q plotted on the vertical coordi-
nates versus 1/u=4Tt(r*S) plotted on the
horizontal coordinates. The test data should be
plotted with s on the vertical coordinates and
corresponding values of ¢ or ¢/r* on the horizon-
tal coordinates.

Values of W(u) for u between 0 and 170 may
be computed by using subroutine EXPI of the
IBM System/360 Scientific Subroutine Pack-
age. Table 1.1 gives values of W(u) for selected
values of 1/u between 1x10-' and 9x 10", as
calculated by this subroutine.

~—————Croundsurface,

Py,
"70/"79 /eVe/

!
!
-

ki
S

c

NANAVAVANAVAVANAN

\ \rlmperm:able bed \ \ \ A\

Screen. [

Aquifer

TISSSS SN

\Irrvmp\err}\e\abltz t:ed\ \ \\ \ \

Ficure 1.1.—Cross section through a discharging well in a nonleaky aquifer.
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TABLE 1.1.—Values of Theis equation W(u) for values of 1/u %
=
T Tz % 10 1 10 0 & 10" v 10 a i
1.0 10.00000 0.21938 1.82292 403793 6.33154 8.63322 10.93572 13.23830 ’é’ :
1.2 100003 129255 1.98932 421859 6.51369 8.81553 11.11804 1342062 |5 "
1.5 .00017 .39841 2.19641 4.44007 6.73667 9.03866 11.34118 13.64376 5] a
2.0 00115 55977 2.46790 472610 7.02419 9.32632 11.62886 13.93144 H
2.5 .00378 .70238 2.68126 4.94824 7.24723 9.54945 11.85201 14,15459 8 3
3.0 00857 .82889 2.85704 5.12990 7.42949 9.73177 12.03433 1433691 o ;
35 .01566 194208 3.00650 5.28357 7.58359 9.88592 12.18847 14.49106 3
4.0 102491 1.04428 3.13651 5.41675 7.71708 10.01944 12.32201 1462459 3 -
5.0 04890 1.22265 3.35471 5.63939 7.94018 10.24258 12.54515 1484773 & .
6.0 .07833 1.37451 3.53372 5.82138 8.12247 1042490 12.72747 1503006 Q :
7.0 11131 1.50661 3.68551 5.97529 8.27659 10.57905 12.88162 1518421 & :
8.0 .14641 1.62342 3.81727 6.10865 8.41011 10.71258 13.01515 1531774 .3 :
9.0 |18266 1.72811 393367 6.22629 8.52787 10.83036 13.13294 1543551 &
Vu lu x 107 10" 10° 10" 10" 10" 10" 10" é
1.0 1554087 17.84344 20.14604 0044862 24.75121 27.05379 29.35638 - 3165897
12 15.72320 18.02577 20.32835 29 63004 27.23611 29 53870 3184128
15 15.94634 18.24892 : 20.55150 22 85408 27.45926 29.76184 32.06442
2.0 16.23401 18 53659 2083919 2314177 27.74693 30.04953 3235211 =
25 16.45715 18.75974 21.06233 23.36491 27.97008 30.27267 325752 &
30 1663948 18.94206 21.24464 2354723 28.15240 30.45499 3275757 O
35 16.79362 19.09621 21.39880 23710139 28 30655 30.60915 3291173 O
4.0 16.92715 19.22975 21.53233 23.83492 28.44008 30.74268 3304526 = .
5.0 17.15030 19.45288 21.75548 24.05806 28.66322 30.96582 3326840 :
6.0 17.33263 19.63521 21.93779 24.24039 28.84555 31.14813 3345071 :
7.0 17.48677 19.78937 2209195 24.39453 28.99969 31.30229 3360487 & !
8.0 17.62030 19.92290 22.22548 2452806 29.13324 31.43582 3373840 5 i
9.0 17.73808 20.04068 22.34326 2464584 29.25102 31.55360 33.85619 > 4
'Walue shown as 0.00000 is nonzero but less than 0.000005. 8 ;
= 3
4
% 1

8
5




8 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Solution 2: Constant discharge
from a partially penetrating well
in'a nonleaky aquifer

Assumptions:

1. Well discharges at a constant rate Q.

2. Well is of infinitesimal diameter and is
screened in only part of the aquifer.

3. Aquifer has radial-vertical aniso-
_tropy.

4, Aquifer is not leaky.

5. Discharge from the well is derlved ex-
clusively from storage in the aquifer.

Differential equation:

2 ds . . ¥s _ S os
a2 T rar T 92T T o
a*=K./K,

This is the differential equation for nonsteady
radial and vertical flow in a homogeneous con-
fined aquifer with radial-vertical anisotropy.

Boundary and initial conditions:

s(r, z,00=0, r=0, 0sz<}H (D
s(x, 2,6)=0, t=0 (2)
0s(r,0,t)/02=0, r=0, t=0 (3)
0s(r,b,t)/0z=0, r=0, t=0 Y
5 \0 0<z<d
lim r 25— —Q/(27TK (U=dn,d<z<l  (5)
r—0 o 1< z<b

Equation 1 states that initially the draw-
down is zero everywhere in the aquifer. Equa-
tion 2 states that the drawdown approaches
zero as the distance from the pumped well ap-
proaches infinity. Equations 3 and 4 state that
there is no vertical flow at the upper and lower
boundaries of the aquifer. This means that ver-
tical head gradients in the aquifer are caused
by the geometric placement of the pumping
well screen, and not by leakage. Equation 5
states that near the pumping well the flow is
radial, that the flow toward the well is equal to
its discharge, that the discharge is distributed
uniformly over the well screen, and that no ra-
dial flow occurs above and below the screen.

Solution:

1. For the drawdown in a piezometer, a solu-
tion by Hantush (1961a, p. 85, and 1964a, p.
353) is given by

- Q@ | (par L d z]
s inT LW(u) +f<U, 5’5’ b b>' (6)
where'
Ze "y
W(u)=f — dy
w VY
and
fpar L d 2\ _ 26 § 1
e 5 b b) m(l-d) n=1 n
nal . nad . nmz nmar
(sin p ¥ b)“"“ b W(”’ b )‘7)

x
W(u, x) —f (exp(—~y—x*/4y)iy) dy
1

Ju

L _rS
4Tt
a =VK.K,

A;l alternate form of this solution for a=1 is
given by Hantush (1961a, p. 85):

b ' s —_
$ - srffq(m)lM(u’ ) M_(u, =2
o )l 429 - 3
'fl(’“’ }ZZ i—i fﬂ | (8)
in which
F 5,’ = Z) - i; W@, Z&b__j__x_w>
_ M(,, 2'15;-\_21) + M, 2nb;L—£>
- Mu leb—x+z> (9)
r ~
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and

x —y
M(u,B):[ 87 erf(8 Vy) dy
u

2 [T
erf(x) = e A e dy.

II. For the drawdown in an observation well
(Hantush, 1961a, p. 90, and 1964a, p. 353),

- _Q_[ 7, ar L al’ i’]

s = o VW 1w 5. 5.5 5 %)) 10

where W(u) is as defined previously

and

S ar Ldldy ____2b

f<“’ b b H B b) ml-dXl' —d"
R

i nl . nud’ nwar

(sm b sm—b >W(u, > ), (1)

where W(u,x) and u are as defined previously.

Comments:

Assumptions apply to conditions shown in
figure 2.1. The effects of partial penetration
need to be considered for ar/b<1.5. There must
be a type curve for each value of ar/b, d/b, l/b,
and either z/b for piezometer, or /b and d’/b for
observation wells. Because the number of pos-
sible type curves is large, only samples of
curves for selected values of the parameters are
shown in figure 2.2 on plate 1.

For large values of time, that is,for ¢ >b%S/
(2a*T) or t>bS/(2K,), the effects of partial
penetration are constant in time, and

W(u,

can be approximated by

o, (15

n 1Tar>

b

(Hantush, 1961a, p. 92). K,(x) is the modified
Bessel function of the second kind of order zero.
Equation 6 then becomes

Q.

= ;y =
s ﬁ—&in Wi(u) + ds anT

(W) +1.],

’O Observation
Discharging well< . well Piezometer
I l N_ﬁiround surface,
Static level ' s I L/____/
| P ump'\\'\g \eV el ] i
! i Impermeable bed
/[ [/ yARA JT VARYARE ¥y /L [/ yARYA
d | ! d’ ’ ! z
FENE ' l {J -
b 1 ' 'l Aquifer
. [}
, .
/7 / VAN / Va4 / / /7 7

Impermeable bed

FiGURE 2.1.—Cross section through a discharging well that is screened in a part of a nonleaky aquifer.
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Q

ds = 4T

f;"

where

and f, is given in equation 7

nmwar

b

with W (u,

> replaced by 2K, (n_v;;g_r)

Figure 2.3 shows plots of f, as tabulated by
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then constructing type curves of W(u)+f; in the
manner described by Weeks (1964, p. D195).
For small values of time

(2b-1~-2)S

b o0t

(Hantush, 1961b, p. 172), equation 8 can be ap-
proximated by

Weeks (1969, p. 202-207). In using these Qb l+2 d+z
curves, it should be noted that f, for a given r, | ° = 87T(-d) [M <u, T) -M (u, r )
b,andz,,!,, d, is equal to f; for the same r, b, ’ -
and z,=b-z2,, [,=b—d,, and d,=b—1,. Figure +M<u, l;z) —M(u,‘-i-’—z)J,
2.3 can be used to find £, by interpolation and r r
1]
+6 1T T T T7 T " T TT
?A & &
+4 N
| 2=080 % 5 =1.00 \ =100
19 \ d/ =090 t\ dm =080
¥
isl a9
c o // - = Ll
5 D
@ S
2 L2 > 2
z Escef “fp» /4
9 / Q}Q
i Z
g
g -6 Ll 1 1 1L 11} 1111 —_ 1 1111
8]
g +6 v by | — TV TT TTT T—T T YT
Q % % =
[@] N ¢, D
2 s N N b N
= 28 \\& =100 3N & =100
ra) 205 am =0.70 d =060
& +2 \\ \\\
w
= \W\L\\k _
S of—————— E— }_
= 2 =] //‘ g /
3 s ¥ y/
o2 B o>
.4 ,// 4! )QQ
2.00”
.6 S 1 1 111 L1 4 § U T S . W
0.05 0.10  0.20 0.50 100 200 005 0.10 0.20 0.60 1.00 200
ar/b

FIGURE 2.3.—The drawdown correction factor f, versus ar/b, from tables of Weeks (1969).



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

.An extensive table of M(u,8) has been pre-
pared by Hantush (1961c).

Although r/b for a given observation well
probably would be known, however, the con-
ductivity ratio a® would not be. Thus, it would
not be known which ar/b curve should be
matched. In other words, not only T and S, but
alfo the conductivity ratio a? must be deter-
mined. A criterion for determining the match
bétween data curves and type curves is that the
values of ar/b for different observation wells
should all indicate the same “a”. Plotting the
drawdown data for several observation wells
on a single ¢/r? plot and matching to sets of type

11

curves, a different set for each “a”, is a useful
approach.

Figure 2.2 was prepared from data calcu-
lated by the FORTRAN program listed in table
2.1. This program computes “s” from either
equation 6 or 10, depending on the input data.
The input data consist of cards containing the
parameters coded in specific formats. Readers
unfamiliar with FORTRAN format items
should consult a FORTRAN language manual.
The first card contains: the aquifer thickness
(b), coded in columns 1-5, in format F5.1; the
depth to bottom of pumped well screen (),
coded in columns 6-10, in format F5.1; the

+6 1T | — T T TTT T T T T 1T
o iR . -
% o i/ =1.00 2., I =1.00
= 0 ~, dam =050 M d/b = 0.40
T 2 =2 &0‘7 _ ~ L
. SN s N
RN Y a—s——
o) 0.40 L—
[ / — | ) f
Q 20 / /
& .2 /V/ o ////‘
p-d o P 0‘4 =
S 7 &
s_ 4 P
w
o
g -6 1111 i 1 || 1113 11 A1)
(&)
Z 4
g T rri T 14 T ir lﬁ!n"o’o\ T T rivi
8 =N
2 +4
<
o I =1.00 \% 14=0.90
[ dn =0.20 \ d/b =0.80
B +2 AN
w 010
S ol =
a“ ’ 0.30 o ./ —
2 L o
w 020 / of y
= .2 —<} ////‘
(a] > Q
}‘f@/ of 0{
.4 7/
.6 1111 1 L I 1111 1 1 1111
0.06 0.10 0.20 0.50 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00

ar/b

Ficure 2.3.—Continued.
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depth to top of pumped well screen (d), coded in
columns 11-15, in format F5.1; the number of
observation wells and (or) piezometers, coded
in columns 16-20, in format 15; the smallest
value of 1/u for which computation is desired,
coded in columns 21-30, in format E10.4; the
largest value of 1/u for which computation is
desired, coded in columns 31-40, in format
E10.4. The ratio of the largest 1/u value to the
smallest 1/u value should be less than 10'2.
Following this card is a group of cards contain-
ing one card for each observation well or
piezometer. These cards are coded for an obser-
vation well as: distance from pumped well mul-

tiplied by the square root of the ratio of the
vertical to horizontal conductivity (rV KJ/K,),
in columns 1-5, in format F5.1; depth to bot-
tom of observation well screen ('), coded in
columns 6-10, in format F5.1; depth to top of
observation well screen (d'), coded in columns
11-15, in format F5.1. A card would be coded
for a piezometer as follows: distance from
pumped well multiplied by the square root of
the ratio of the vertical to horizontal conductiv-
ity (rV K,/K,), in columns 1-5, in format F5.1;
and total depth of piezometer (z), in columns
11-15, in format F5.1. The output from this
program is tables of computed function values,

+6 T 1\ L T 17 T TTTT
e, % o NG
% N 2
+4 (A N
23 N
ﬂl 1/ =0.90 \Q\ 16 =0.90
& \ db=0.70 \ =060
<
x Y2 ~ ><N\‘i
- _\l~
5 T P /%:
0
Q /
< 2 / // /Z/
= - e - o?"/ /
5 B4 5
4 Gl
[&]
w
«c
g -6 1L J 1 L 111 ) N ] A 1 113
(]
§ +6 —T T3 T T T 17 ) TTT7 T T T T 1T
(@)
Q %
; +4 0
< PN,
2D -
o« % =090 N2 1/ =0.90
[a) D d/b =050 %% d/b =040
B 4o 200 O Y
& \ 50
- 100 l‘) 0.90 -
.50
g o) A ———— ,"00
0 040
P4
w ol 7 " /
= 2 = o] g
° % V 5
. Qg% 090 }Ep/
-4 L
6 1 411 1 1 i1 11 11 it 1 1 1 1 11
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Ficure 2.3.—Continued.
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an example of which is shown in figure 2.4.
Subroutines DQL12, BESK, and EXPI are
from the IBM Scientific Subroutine Package
and a discussion of them is in the IBM SSP
manual.

Solution 3: Constant drawdown in
a well in a nonleaky aquifer

Assumptions:
1. Water level in well is changed instan-
taneously by s, at ¢t = 0.
2. Well is of finite diameter and fully pen-

13

3. Aquifer is not leaky.
4. Discharge from the well is derived ex-
clusively from storage in the aquifer.
Differential equation:

ar?

)
e

10s _
trar T

This is the differential equation describing
nonsteady radial flow in a homogeneous iso-
tropic confined aquifer.

Boundary and initial conditions:

etrates the aquifer. s(r,0) =0,r = r, ()
+6 1T T 1T T T 1 T T
"L
+4 .
1/ =090 IA=0.90
= 0. d/b=0.
§ 0.50 /=030 /b= 0.20
'\x +2 > 0 \
.80 .60 - .60
V’IQ 045 = "40\
e oso\ —~ B e
I g i e 530 —F———
8 7\4: //_/ y L —
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LZL o> / y
o o
- -4
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14 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

0,t<0
S(ret) = (2)
s, = constant, ¢t = 0
s(>t)=0,t=0 (3)

Equation 1 states that initially the draw-
down is zero everywhere in the aquifer. Equa-
tion 2 states that, as the well is approached,
drawdown in the aquifer approaches the con-
stant drawdown in the well, implying no en-
trance loss to the well. Equation 3 states that
the drawdown approaches zero as the distance
from the well approaches infinity.

Solutions:
I. For the well discharge (Jacob and

Lohman, 1952, p. 560):

Q = 27T s, Glw),

where
* e Y ()]
- 4u et ) 1 0 d
G - j(;xe {2 + tan [J(.(x)J} X
T
and a = Sl

II. For the drawdown in water level (Han-
tush, 1964a, p. 343):

+6 1 T T TT 7T T ™1 T
%Q
) ; 0
+4 % N
NS o Q
o ;%0.)0 I =0.80 & I =0.80
§ M d/b =0.60 ~__ \ d = 0.50
hx Y e O'GN
mio r——-\ g
© y 199 90
« R 0.50 0/}_"
540
}’9‘ / o8 / &
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Ia) 9 L o/ =0.40 ;/6<~Q6 dA =030
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s = s, A(7, p),
where Alrp) =1
_ g xJu(U) Yo(’pu) - Y.'I,(U)Ju(Pu)éxp(_Tuz)d_lﬁ,
7 fo Ji(w) + Y (w) u
and T=a= k%,
r
p=—
rll'
Comments:
Boundary condition 2 requires a constant
drawdown in the discharging well, a condition

+6

15

most commonly fulfilled by a flowing well, al-
though figure 3.1 shows the water level to be
below land surface.

Figure 3.2 on plate 1 is a plot from Lohman
(1972, p. 24) of dimensionless discharge (G{))
versus dimensionless time (a). Additional val-
ues in the range « greater than 1x10* were
calculated from G(a)=2/10g(2.2458a) (Han-
tush, 1964a, p. 312). Function values for G'(«)
are given in table 3.1. The data ‘curve consists
of measured well discharge versus time. After
the data and type curves are matched,
transmissivity can be calculated frem T =
Q/27s,G(a), and the storage coefficient can be

T T T T T ST
+4
15 =080 I5=0.70
s d/b=0.20 d/b =060
~ v |
J0% 28
< 05,
go  [wniErlea]
c o P—
~ M
(8} N
E -2 // ki
Z /
o
= -4
[&]
w
s o4
g -6 1111 1 1 1 111} 141 1 1 1111
[&]
Z 6 TR T T T 1T T T T TTTT
3
[a] R o
2 e 0,
< % %
c 0 e =070 0% b =070
[a) %0 Q a/b =050 K db =040
(7] N
aQ " AN AN
2 & e .70\
2 | 080 | =
o 0 ] =— __fL——
[72] P
z go 9& o —FE = |
g 2 M e 5 //
[a]
/00 0/@
[\D (Y
-4
6 A 1] 1 1 1 111 111 i 1 1 1 11
0.056 0.10 0.20 0.60 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00
ar/b

Ficure 2.3.—Continued.
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calculated from S =T't/ar?, where (a,G () and
(t,@) are matching points on the type curve and
data curve, respectively.

Similarly, data curves of drawdown versus
time may be matched to figure 3.3 on plate 1;
this is a plot of dimensionless drawdown
(A (r,p)=s/s,) versus dimensionless time (7/p?
= Tt/Sr?). After the data and type curves are
matched, the hydraulic diffusivity of the
aquifer can be calculated from the equality
T/S =(1/p?®) (r*t). Usually s, is known, and
some of the uncertainty of curve matching can
be eliminated by plotting s/s,. versus ¢ because
only horizontal translation is then required. If

r. is also known, the particular curve to be
matched can be determined from the relation
p=rir,.. Generally, however, the effective
radius, r,., differs from the actual radius and is
not known. The effective radius can often be
estimated from a knowledge of the construction
of the well and the water-bearing material, or
it can be determined from step-drawdown tests
(Rorabaugh, 1953). Figure 3.3 was plotted from
table 3.2. For 7<1x 10 the data are from Han-
tush (1964a, p. 310). For r>1x10% values of
drawdown in a leaky aquifer, as r,./B—0, were
used. (See solution 7.) Where 0.000 occurs in
table 3.2, A(7,p) is less than 0.0005.

+*6 T T

LB T LR ! T T LI
N
+4
) * i =0.70 0'6‘0 I =060
& PN df =030 % =050
M +2 © -
) N
3 |0 230, 0.79 0.0 \
€ o =
5 Lo \04(/‘ S /
i | L]
)
g 090'\. e AP
~ .a
(&
w
«c .
o -6 1 A1) 1 1 1 i t1 . A1 11 L L J . |
Q 0.05 0.10 0.20 0.560 1.00 2.00
(&]
g 6 %17 L — T T ar/b
o
[a]
g +4 %~
0
= %, % % +0.60
(@] & dm = 0.40
§ +2 \\\
|
g 0 030,010 X
g || pee=
: 2 7‘('%
fal P
N
(3

-4

.6 L 1 N AW

0.08 0.10 0.20 0.60 1.00 2.00

ar/b

Ficugre 2.3.—Continued.
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FiGURE 2.4.—Example of output from program for partial penetration in a nonleaky artesian aquifer.
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‘f

Ground surface.

Static level

Py
M
/Dg /e Ve/

LSS

[ [ [ [ ipemesieiei ) [/

Tw

Aquifer

AV AVEAAA

[ / I;n?erg\’eablle'becli’ / / /

FiGURE 3.1.—Cross section through a well with constant drawdown in a nonleaky aquifer.

Solution 4: Constant discharge
from a fully penetrating well in a
leaky aquifer

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of infinitesimal diameter and
fully penetrates the aquifer.

3. Aquifer is overlain, or underlain,
everywhere by a confining bed having
uniform hydraulic conductivity (K')
and thickness (b').

4. Confining bed is overlain, or underlain,
by an infinite constant-head plane
source.

5. Hydraulic gradient across confining bed
changes instantaneously with a change
in head in the aquifer (no release of
water from storage in the confining
bed).

6. Flow in the aquifer is two-dimensional
and radial in the horizontal plane and
flow in the confining bed is vertical.
This assumption is approximated
closely where the hydraulic conductiv-
ity of the aquifer is sufficiently greater

than that of the confining bed.

Differential equation:

a9%s 10s

s _sK' _ S 8s
or:  ror Th'

T ot

This is the differential equation describing
nonsteady radial flow in a homogeneous iso-
tropic aquifer with leakage proportional to
drawdown.

Boundary and initial conditions:

(1)

s(=,6)=0, t=0 (2)
\0, t<0
Q=, (3)
constant>0, {=0
; ds _ _
,lf_',’b" ar onT “)

Equation 1 states that the initial drawdown
is zero. Equation 2 states that drawdown is
small at a large distance from the pumping
well. Equation 3 states that the discharge from
the well is constant and begins at t=0. Equa-
tion 4 states that near the pumping well the
flow toward the well is equal to its discharge.



TaBLE 3.1.—Values of G{ a)

[Modified from Lohman (1972, p. 24)]

« 107 10 * 101 1 10 10 1 10 10° S
1 18.34 6.13 2.249 0.985 0.534 0.346 0.251 0.1964 0.1608
2. 13.11 4.47 1.716 803 .461 311 .232 1841 1524
3. 10.79 3.74 1.477 719 427 294 .222 1777 .1479
4 . 9.41 3.30 1.333 .667 -405 283 215 .1733 1448 !
5 8.47 3.00 1.234 630 .389 274 210 1701 1426
[ 7.77 2.78 1.160 602 377 .268 .206 1675 1408
7. 7.23 2.60 1.103 .580 .367 263 -203 1654 .1393 ‘
8 . 6.79 246 1.057 562 .359 .258 .200 1636 .1380 H
9 6.43 235 1.018 547 .352 .254 .198 1621 .1369 N
107 10" 10° 10" 10" 10" 10" 10" 10'* }
0.1177 0.1037 0.0927 0.0838 0.0764 0.0704 0.0651 0.0605 0.0566
1131 1002 0899 0814 0744 0686 0636 0593 .0555
1106 0982 .0883 0801 .0733 0677 .0628 .0586 0549 i
1088 .0968 0872 0792 0726 0671 0622 0581 :
1076 0958 0864 0785 0720 0618 0577 !
1066 0950 0857 0779 0716 0662 0615 0574
1057 0943 0851 0774 0712 0658 0612 0572
1049 0937 0846 0770 0709 0655 0609 0569
1043 0932 0842 0767 0706 0653 0607 0567

SHAAINOV UANIANOD NI STIIM OL MOTd Y04 SAAUND AJAL
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TaBLE 3.2.—Values of A(7,p)
[Values of A(7,0) for 7 <10° modified from Hantush (1964a, p. 310}

p
T
5 10 20 50 100 200 500 1000

1 x 1 0.002

2 .022

3 .049

4 076 0.000

5 101 .002

7 .142 .006

1 X10 .188 016 0.000

2 277 057 .001

3 .325 .094 .004

4 .358 123 .009

5 .381 .146 .016

7 414 .184 .031

1 X1 446 222 .053 0.000

1. 479 264 .085 001

2 .500 291 .110 .003

3 .528 328 .146 .009

5 .5659 372 .194 026 0.000

7 .578 .397 .223 .044 .001

1 x10° .596 422 .254 .066 .004

1. 615 450 .287 .094 012

2 627 467 .309 116 .021 0.000

3 .644 490 .338 147 .039 .001

5 .662 517 372 186 .068 .006

7 673 .533 392 211 .089 014

1 x10 .685 549 413 237 114 .025

1. 696 566 435 264 .142 043 0.000

2 704 577 .450 .283 .161 .058 .001

3 7156 .592 .469 .308 .188 .081 .005

5 727 .609 .492 .337 221 113 014 0.000
7 734 .620 .506 .355 242 134 025 .001
1 x10° 742 631 .520 373 .263 .156 .039 .002
1. .750 642 .532 .392 .285 .180 .058 .007
2 1585 650 .544 405 300 197 .072 .013
3 762 .660 .558 423 321 .220 .094 .024
5 71 672 .574 .443 .345 247 122 044
1 176 680 .584 456 360 .264 141 .059
1 x10¢ .782 .688 .594 470 .376 .282 .160 .076
1. .788 .696 .604 484 .392 .301 181 .096
2 792 702 612 1493 403 314 .196 111
3 797 .709 622 .506 418 331 216 132
5 .803 .718 .633 521 .436 .352 .240 157
7 .807 724 641 .531 .448 .365 255 173
1 x10 .811 730 .648 541 459 .378 270 190
1. .815 736 .656 551 472 .392 .287 .208
2 .818 740 .662 .558 480 .402 .299 221
3 822 746 669 .568 492 415 314 .238
5 .827 .753 .678 .580 .506 431 333 .258
7 .830 757 .684 587 .514 441 .344 .27
1 X108 .833 762 690 595 .523 452 357 285
1. .837 .766 .696 .603 .533 463 370 .300
2 .839 770 .701 .609 .540 470 379 310
3 .842 774 .706 617 .549 481 391 .323
5 .846 780 714 .626 .560 494 .406 .340
7 .849 .783 718 .632 .567 .502 415 .350
1 x10° .851 787 .723 .638 .574 510 425 .361
1. .854 N 128 645 .582 519 435 372
2 .856 794 731 .649 587 .525 .443 .380
3 .858 797 .736 .655 .594 .533 452 .392
5 .861 802 742 .663 .603 .544 .464 .405
7 .863 .804 .746 .668 .609 .550 472 4138
1 X1Qw° .865 807 749 673 .615 557 480 422
1.5 .867 810 153 678 621 .564 .488 431
2 .869 813 756 .682 625 .569 .494 .438
3 871 .816 .760 .687 631 .576 .502 .447
5 .874 819 765 .693 .638 .584 .512 457
1 875 821 768 .696 643 .589 518 464
i X 101 877 824 770 700 647 .594 .524 471
2
3
5
7
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Solution (Hantush and Jacob, 1955, p. 98):

e . 4_
s= 2 £ (5)
u
where u = r:S/4Tt
; .
B = /%%. 6)
Comments:

As pointed out by Hantush and Jacob (1954;
p. 917), leakage is three-dimensional, but if the

;, difference in hydraulic conductivities of the
i aquifer and confining bed are sufficiently

=)

.. great, the flow may be assumed to be vertical in

< the confining bed and radial in the aquifer.
* This relationship has been quantified by Han-

H
' terms of relative conductivities, this would be

tush (1967, p. 587) in the condition 4/B<0.1. In

P KIK' > 100 b/b'. Assumption 5, that there is no

21

B <001,

5V ks,

Assumption 4, that there is no drawdown in
water level in the source bed lying above the
confining bed, was also examined by Neuman
and Witherspoon (1969a, p. 810). They indi-
cated that drawdown in the source bed would
have negligible effect on drawdown in the
pumped aquifer for short times, that is, when

Tt 5
S < 1.6 (r/BY' ~ Also, they indicated (1969a,

p. 811) that neglect of drawdown in the source
bed is justified if T,> 1007, where T, repre-
sents the transmissivity of the source bed. Fig-
ure 4.1, a cross section through the dlschargmg

where 8 =

:well, shows geometric relationghips. Flguye 4.2

on plate 1 shows plots of dimensionless draw-
down compared to dimensionless time, using
the notation of Cooper (1963) from Lohman
(1972, pl. 3). Cooper expressed equations 5 and

change in storage of water in the confining bed, | 6 as
;f was investigated by Neuman and Witherspoon LR
(1969b, p. 821). They concluded that this as- L(u,v) =[ v dy, (7
sumption would not affect the solution if u
Q
Ground surface
N~ e J—
Static level "
—
s
P,
(Y
By,
9 /el,e/ [
-—————
77

L/

Conflnlng bed

/7777

Tw

Aquifer

(LSS S Somemes) [ LS

F1GURrE 4.1.—Cross section through a discharging well in a leaky aquifer.
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with

K
b (8

o |~
~3

Cooper’s type curves and equation 5 express
the same function with r/B=2v. Hantush
(1961e) has a tabulation of equation 5, parts of
which are included in table 4.1.

The observed data may be plotted in two
ways (Cooper, 1963, p. C51). The measured
drawdown in any one well is plotted versus t/r?;
the data are then matched to the solid-line type
curves of figure 4.2. The data points are alined
with the solid-line type curves either on one of
them or between two of them. The parameters
are then computed from the coordinates of the
match points (¢/r%,s) and (1/u, L(u,v)), and an
interpolated value of v from the equations

T - & L), (9)

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

gt o)
§ = 4T Yu’ 1o
and K = 4Tv—f.
b r

Drawdown measured at the same time but in--

different observation wells at different. dis--

tances can be plotted versus t/r* and matched
to the dashed-line type curves of figure 4.2. The
data are matched so as to aline with the
dashed-line curves, either on one or between
two of them. From the match-point coordinates
(s,t/r)) and (L(u,v),}/u) and an interpolated

value of v*/u, T and S are computed from equa- -
tions 9 and 10 and the remaining pafameter

from ,
vilu

K'ib' :ST .

. The »regidn, v'/u=8 and -
L(u,0)=107* corresponds to steady-state condi- .

tions.

TasLE 4.1.—Selected values of W( wr/B)

[ From Hantush (1961e)}

riB

u 0.001 0.003 0.01 0.03 0.1 03 1 3
1 X10°% 13.0031 11.8153 9.4425 7.2471 4.8541 " 2.7449 0.8420 0.0695
2 12.4240 11.6716
3 12.0581 11.5098 9.4425
5 11.5795 11.2248 9.4413
7 11.2570 10.9951 9.4361 .
1 x10-° 10.9109 10.7228 9.4176
2 10.2301 10.1332 9.2961 7.2471
3 9.8288 9.7635 9.1499 7.2470 .
5 9.3213 9.2818 8.8827 7.2450
7 8.9863 8.9580 8.6625 7.2371
1 X10° 8.6308 8.6109 8.3983 7.2122
2 7.9390 7.9290 7.8192 7.0685
3 7.5340 7.5274 7.4534 6.9068 4.8541 o
5 7.0237 7.0197 6.9750 6.6219 4.8530 5 :
7 6.6876 6.6848 6.6527 6.3923 4.8478 R
1 x10°3 6.3313 6.3293 6.3069 6.1202 4.8292
2 : 5.6393 5.6383 -  5.6271 5.5314 4.7079 2.7449
3 5.2348 5.2342 5.2267 5.1627 4.5622 2.7448
5 4.7260 4.7256 47212 4.6829 4.2960 2.7428
7 4.3916 4.3913 4.3882 4.3609 4.0771 2.7350
01 X107 4.0379 4.0377 4.0356 4.0167 3.8150 2.71104
2 3.3547 3.3546 3.3536 3.3444 3.2442 2.5688
3 2.9591 2.9590 2.9584 2.9523 2.8873 24110 8420
5 2.4679 2.4679 2.4675 2.4642 2.4271 21371 ..8409
7 2.1508 2.1508 2.1506 2.1483 2.1232 1.9206 -8360
1 x10° 1.8229 1.8229 1.8227 1.8213 1.8050 1.6704 8190
2 1.2226 1.2226 1.2226 1.2220 1.2155 1.1602 7148 0695
3 .9057 .9057 .9056 .9053 9018 8713 6010 .0694
5 .5598 .5598 5598 .5596 5581 5453 4210 .0681
7 . .3738 .3738 .3738 3737 3729 .3663 2996 0639
1 x10° .2194 .2194 2194 2193 .2190 2161 .1855 0534
2 .0489 .0489 .0489 .0489 .0488 0485 .0444 .0210
3 .0130 .0130 .0130 .0130 .0130 0130 .0122 0071
5 0011 .0011 .0011 0011 .0011 0011 .0011 .0008
7 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001

t
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The drawdown in the steady-state region is
given by the equation (Jacob, 1946, eq. 15)

s = K(x),

Q
2#T
where K(x) is the zero-order modified Bessel
. function of the second kind and

X \/IF
Ty~
Data for steady-state conditions can be
i analyzed using figure 4.3 on plate 1. The draw-
~ downs are plotted versus r and matched to
. figure 4.3. After choosing a convenient match
_pomt with coordinates (s,r) and (K (,(x),x) the
i parameters are computed from the equations
T - 2 Ko and & = 2T

Values of K(x) from Hantush (1956) are given

in table 4.2.

A FORTRAN program for generating type-
curve function values of equation 7 is listed in
table 4.3. Using the notation L(u,v) of Cooper
(1963), the function is evaluated as follows. For
u=1,

x x
L(u,v) =/(1/y) exp (=y-v¥y)dy = f(y)dy.
u u

This integral is transformed into the form

x
r T 1
/;e {exp( u x+u>x+u}dx

evaluated by a Gaussian-Laguerre quadrature
formula. For vi<u<l,

TABLE 4.2.—Selected values of K,(x)

[From Hantush (1956, p. 704}

N x=NX10"? x =NX10"! x=N

1 4.7212 2.4271 0.4210
15 . 4.3159 2.0300 .2138
2 ... 4.0285 1.7527 .1139
3 s 3.6235 1.3725 10347
4 . 3.3365 1.1145 0112
5 . 3.1142 9244 .0037
6 e _ 2.9329 a1 .
Y 2.7798 6606 _.____
8 il 2.6475 5653  _____.
9 s 2.5310 4867 @ ___.__

x ]_ .
L(uw) =[ f(y)dy +/ fly) dy.
u

The first integral is evaluated by a
Gaussian-Laguerre quadrature formula, as
previously described. The second integral is
evaluated using a series expansion, as

1
f fy)dy = s (1)-s(u),
u
where

3 Y
s = lOg u LZEO W}

¥ (‘1‘)’” m
+m§-1[ m, [u

Foru < 1andu = v?,

x
L(u,v) = 2K,(2v) _ﬁz f(y)dy
u
(Cooper, 1963, p. C50),

where K, is the zero-order modified Bessel
function of the second kind. The integral in the
above expression is evaluated by the
Gaussian-Laguerre procedure, as described
previously.

Input data for this program consist of three
cards with the numeric data coded by specific
FORTRAN formats. Readers unfamiliar with
FORTRAN format items should consult a
FORTRAN language manual. The first card
contains: the smallest value of 1/u for which
computation is desired, coded in columns 1-10
in format E10.5; the largest value of 1/u for
which computation is desired, coded in columns
11-20 in format E10.5. The table will include a
range of 1/u values spanning these two coded
values if the span is less than or equal to 12 log
cycles. The next two cards contain 12 values of
r/B, all coded in format E10.5, in columns
1-10, 11-20, 21-30, 31-40, 41-50, 51-60,
61-70, and 71-80 of the first card and columns
1-10, 11-20, 21-30, and 31-40 of the second
card. Zero (or blank) coding is permissible in
this field, but computation will terminate with
the first zero (or blank) value encountered. An
example of the output from this program is
shown in figure 4.4.

()] [ E ]
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wi{UesRk/B)

1s/u

0.100E
0.150E
0e.c00E
0.300€
0.500E
0.700E
Ue100E
Vel50E
Ue200E
0.300E
Ve500E
0.700E
¢e.100E
04150
0.200€E
0.300E
Ue500E
04700L
Uel00E
U.150E
0.200E
0.300E
0.500E
0.700E
0.100¢&

01
01
01
01
01
01
02
02
02
02
02
02
03
03
03
03
03
03
04
04
04
04
04
04
05

R/B

0.10E~05 0.30E-05

0.2194
0.3984
0.5598
0.8289
l.2226
1.5066
1.8229
2.1964
244679
2.8570
3.3547
3.6855
440379
404401
4.7261
5.1299
5.6394
5.9753
643315
6.7367
T+0242
T+4295
Te9402
8.2766
8.6332

0.2194
0.3984
0.5598
0.8289
1.2226
1.5066
1.8229
2.1964
24679
2.8570
3.3547
3.6855
4.0379
444401
47261
51299
5.,6394
5.9753
6.3315
6.7367
T.0242
Te4295
T.9402
8.2766
8.6332

F1GURE 4.4.—Example of output from program for computing drawdown due o constant discharge from a well in a leaky

0.10E~04
0.2194
0.3984
0.5598
0.8289
l1.2226
15066
1.8229
2.1964
2.4679
2.8570
3.3547
3.6855
4.0379
4.4401
4,7261
5.1299
5.6394
549753
63315
6.7367
Te0242
74295
71.9402
8.2766
8.6332

0.30E-04
0.2194
0.3984
0.5598
0.8269
1.2226
1.5066
1.,8229
2.1964
2.4679
2.85%70
343547
3.6855
4,0379
44,4401
4,7261
S.1299
5.6394
5.9753
6.3315
6.7367
7.0242
7.4295
7.9402
8.,2766
8.6332

0.10E-03
0.2194
0.3984
0.5598
0.8289
l.2226
1.5066
1.8229
2.1964
24679
248570
343547
3.68585
4,0379
4.4401
44,7261
5.1299
5S.6394
59753
6.3315
6.7367
7.0242
Te4295
T.9402
8.2766
B8.6332

artesian aquifer.

0.30E-03
0.2194
0.3984
0.5598
0.8289
l.2226
1.5066
l.8229
241964
2e4679
28570
33547
3.6855%
4,0379
bets440)
4,7261
%e1299
5.6394
5.9753
63315
6.7366
T.0241
Tets294
79401
8.2764
8.6330

0.10E~02
0.2194
0.3984
0.5598
0.8289
l.2226
1.5066
1.8229
2.1964
2.,4679
2.8570
33547
3.6855
4,0379
be4400
4,7260
5.1298
5.6393
5.9751
6.3313
6.7363
7.0237
Te4287
T.9389
8.2748
8.6307

0.30£-02
0.2194
03984
045598
0.8289
1.2226
15066
1.8229
2.1964
2.4679
28570
343546
3.6854
4,0377
444397
4,7257
S.1292
5.6383
Se9737
6.3293
6.7333
T.0197
7442268
Te9290
8.2609
8.6109

0.10t-01
Declys
le3YBa
0eb598
QeBHY
}e2l26
lebUBS
1eb227
2e1961
2elabl5
2+8564
343536
Je6b39
440354
4ot 365
4,T212
HYeldesw
YebT]
$e9580
63069
66997
be97THY
Te3%h1
Teblyz
HelU92
He39H3

1(4
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

Solution 5: Constant discharge
from a well in a leaky aquifer with
storage of water in the confining

beds

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of infinitesimal diameter and
fully penetrates the aquifer.

3. Aquifer is overlain and underlain
everywhere by confining beds having
hydraulic conductivities K’ and K",
thicknesses b' and b”, aria'stor_age
coefficients S’ and S, respectively,
which are constant in space amij;lme

4. Flow in the aquifer is two direnSionai:
and radlal in the horlzonf:al 0
and flow in confining beds is Véi’tlcal
This assumption is approximated
closely where the hydraulic conduc-
tivity of the aquifer is sufficiently
greater than that of the confining
beds.

5. Conditions at the far surfaces of the
confining beds are (fig. 5.1):

Case 1. Constant-head plane
sources above and be-
low.

Case 2. Impermeable beds above
and below.

Case 3. Constant-head plane
source above and im-
permeable bed below.

Differential equations:
For the upper confining bed

o%s, _ _S' 95, (1)
0z K'b' ot
For the aquifer
o Ls, KD,
or? - r or * T é. silr,b7.)
_K'9o : _Sos
T 52 sor,b’+b, t) = T o1 (2)
For the lower confining bed
9%y _ S" ds,
92° Kb ot @
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Equations 1 and 3 are, respectively, the dif-
ferential equations for nonsteady vertical flow
in the upper and lower semipervious beds.
Equation 2 is the differential equation for
nonsteady two-dimensional radial flow in an
aquifer with leakage at its upper and lower
boundaries.

Boundary and initial conditions:
Case 1: For the upper confining bed

$.(r,z,00=0 (4)
S](r,O,t)ZO (5)
sl(r9b’,t)zs(r9t) (6)
For the aquifer
s(r,0)=0 (7
s€0,8)=0 (8)
. os(rt) _ . Q
Jim =g T ©)
For the lower confining bed
$,(r,z,0)=0 (10)
s(r,b'+b+b",t)=0 1D
8,(r,b’+b,t)=s(r,t) 12)

Case 2: Same as case 1, with conditions 5
and 11 being replaced, respectively, by

ds,(r,0,8) _ 0

1

on (13)

9s,(r,6'+b6+6") _ 0 (14)
0z

Case 3: Same as case 1,with condition 11
being replaced by condition 14.

Equations 4, 7, and 10 state that initially the
drawdown is zero in the aquifer and within
each confining bed. Equation 5 states that a
plane of zero drawdown occurs at the top of the
upper confining bed. Equations 6 and 12 state
that, at the upper and lower boundaries of the
aquifer, drawdown in the aquifer is equal to
drawdown in the confining beds. Equation 8
states that drawdown is small at a large dis-
tance from the pumping well. Equation 9 states
that, near the pumping well, the flow is equal
to the discharge rate. Equation 11 states that a
plane of zero drawdown is at the base of the
lower confining bed. Equation 13 states that
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there is no flow across the top of the upper con-
fining bed. Equation 14 states that no flow oc-
curs across the base of the lower confining bed.

Solutions (Hantush, 1960, p. 3716):
I. For small values of time (¢ less than
both 4'S’/10K ' and b"S"/10K"):

__Q
s AT Huw,p), (15)

where u =

and

o x
erfe(x) = \/LF/ e dy .
"JX

I1. For large values of time:

A Dnnnl $ owantanihaw kL
42, WVADT 4,4 ¢ SACGUCL viiai v

and 55"S"/K"

s = % Wub,,a) ,

where u is as defined previously

and 5, =1+ (8" + 8"/38,
_ K'/b' K"/b"
a=r —-—~T + __T

x )
W(ux) =/ exp (-y—x*/4y) 4.,
u y

B. Case 2, t greater than both
106'S'/K’ and 106"S"/K"

s = 4—% W(us.,) , amn

where S5 =1+(S" +8"8

xe_v
W(u) =/ — dy .
Y
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C. Case 3, t greater than both 5b'S'/K’
and 106"S"/K"

s = 487, W(u&,, r

where

%{i) . as)

8, =1+ (S"+ S§73)S
and W(u,x) is as defined in case 1.

Comments:

A cross section through the discharging well
is shown in figure 5.1. The flow system is ac-
tually three-dimensional in such a geometric
configuration. However, as stated by Hantush
(1960, p. 3713), if the hydraulic conductivity in
the aquifer is sufficiently greater than the hy-
draulic conductivity of the confining beds, flow
will be approximately radial in the aquifer and
approximately vertical in the confining beds. A
complete solution to this flow problem has not
been published. Neuman and Witherspoon
(1971, p. 250, eq. II-161) developed a complete
solution for case 1 but did not tabulate it. Han-
tugh’s solutions, which have heen tabulated,
are solutions that are applicable for small and
large values of time but not for intermediate
times.

The “early” data (data collected for small
values of t) can be analyzed using equation 15.
Figure 5.2 on plate 1 shows plots of H(u,) from
Lohman (1972, pl. 4). Hantush (1961d) has an
extensive tabulation of H(«,8), a part of which
is given in table 5.1. The corresponding data
curves would consist of observed drawdown
versus t/r®. Superposing the data curves on the
type curves and matching the two, with graph
axes parallel, so that the data curves lie on or
between members of the type-curve family and
choosing a convenient match point (H(u,),
1/u), T and S are computed by

- Q@
T 47s Hwp

s-art[L.
r u

If simplifying conditions are applicable, it is
possible to compute the product K'S’ from the
B value. If K"S"=0, K'S'=168%'TS/r?, and if
K'S"=K'S’,
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Q

Ground surface

77 7 / / /Z
Upper confining bed K, S
/A A S S Sy ———

b-

/T T

:: Sand under constant hea

CASE 1

7 7 7 //J et //
Upper | [ confining bed pper [ | confining be

Az 7 7.

Lower confining bed// %)wer confining b(%

PPN 7 7

CASE 2 CASE 3

FIGURE 5.1.—Cross sections through discharging wells in leaky aquifers with storage of water in the confining
beds, illustrating three different cases of boundary conditions.

ues in this range are indeterminate. There is

S = lﬁﬁ' TS _b'b;ﬂ__ ) also uncertainty in curve matching for all g8
r- b +b"+2\b'b" values because of the fact that it is a family of

curves whose shapes change gradually with 8.
The curves in figure 5.2 are very similar | This uncertainty will be increased if the data
from 8=0 to about 8=0.5. Therefore, the B val- covers a small range of ¢ values. The problem
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TasLE 5.1.-—Values of H(u,B) for selected values of u and 8

[From Hantush (1961d). Numbers in parentheses are powers of 10 by which the other numbers are multiplied; for example 963(-4) = 0.0963]

B

u 0.03 01 0.3 1 3 10 30 100
1 X10°® 12.3088 11.1051 10.0066 8.8030 7.7051 6.5033 54101 4.2221
2 11.9622 10.7585 9.6602 8.4566 7.3590 6.1579 5.0666 3.8839
3 11.7593 10.5558 9.4575 8.2540 7.1565 5.9561 4.8661 3.6874
5 11.5038 10.3003 9.2021 7.9987 6.9016 5.7020 46142 3.4413
7 11.3354 10.1321 9.0339 7.8306 6.7337 5.5348 4.4487 3.2804
1 X108 11.1569 9.9538 8.8556 7.6525 6.5558 5.3578 42737 3.1110
2 10.8100 9.6071 8.5091 7.3063 6.2104 5.0145 3.9352 2.7858
3 10.6070 9.4044 8.3065 7.1039 6.0085 48141 3.7383 2.5985
5 10.3511 9.1489 8.0512 6.8490 5.7544 4.5623 3.4919 2.3662
7 10.1825 8.9806 7.8830 6.6811 5.5872 4.3969 3.3307 2.2159
1 x1077 10.0037 8.8021 7.7048 6.5032 5.4101 42221 3.1609 2.0591
2 9.6560 8.4554 7.3585 6.1578 5.0666 3.8839 2.8348 1.7633
3 9.4524 8.2525 7.1560 5.9559 4.8661 3.6874 2.6469 1.5966
5 9.1955 7.9968 6.9009 5.7018 4.6141 3.4413 2.4137 1.3944
7 9.0261 7.8283 6.7329 5.5346 4.4486 3.2804 2.2627 1.2666
1 xX10°® 8.8463 7.6497 6.5549 5.3575 4.2736 3.1110 2.1051 1.1361
2 8.4960 7.3024 6.2091 5.0141 3.9350 2.7857 1.8074 .8995
3 8.2904 7.0991 6.0069 4.8136 3.7382 2.5984 1.6395 7725
5 8.0304 6.8427 5.7523 4.5617 3.4917 2.3661 1.4354 6256
ki 7.8584 6.6737 5.5847 4.3962 3.3304 2.2158 1.3061 5375
1 X103 7.6754 6.4944 5.4071 4.2212 3.1606 2.0590 1.1741 4519
2 7.3170 6.1453 5.0624 3.8827 2.8344 1.7632 19339 .3091
3 7.1051 5.9406 4.8610 3.6858 2.6464 1.5965 .8046 .2402
5 6.8353 5.6821 4.6075 3.4394 24131 1.3943 6546 .1685
7 6.6553 5.5113 4.4408 3.2781 2.2619 1.2664 5643 .1300
1 x10°* 6.4623 5.3297 4.2643 3.1082 2.1042 1.1359 4763 963(—4)
2 6.0787 4.9747 3.9220 2.7819 1.8062 8992 3287 494(—4)
3 5.8479 4.7655 3.7222 2.5937 1.6380 7721 .2570 315(-4)
5 5.5488 4.4996 3.4711 2.3601 1.4335 6252 .1818 166(—4)
7 5.3458 4.3228 3.3062 2.2087 1.303% 5370 1412 103(-4)
1 x10°3 5.1247 4.1337 3.1317 2.0506 1.1715 4513 1055 390(—5”)
2 4.6753 3.7598 2.7938 1.7516 .9305 .3084 551(—4) 169(-5)
3 4.3993 3.5363 2.5969 1.5825 .8006 2394 355(—4) 713(—-6)
5 4.0369 3.2483 2.3499 1.3767 6498 1677 190(-4) 205(-6)
7 3.7893 3.0542 2.1877 1.2460 5589 .1292 120(-4) 821(-17)
1 X102 3.5195 2.8443 2.0164 1.1122 4702 955(—4) 695(-5) 274(-7)
2 2.9759 2.4227 1.6853 8677 3214 487(~4) 205(-5) 226(-8)
3 2.6487 2.1680 1.4932 7353 .2491 308(—-4) 888(-6)
5 2.2312 1.8401 1.2535 5812 .1733 160(—-4) 261(-6)
7 1.9558 1.6213 1.0979 L4880 1325 982(-5) 106(—6)
1 x10 1.6667 1.3893 .9358 3970 966(—4) 552(~5) 365(-7)
2 1.1278 .9497 .6352 2452 468(—4) 149(-5) 307(-8)
3 .8389 7103 4740 1729 281(-4) 592(-6)
5 .5207 .4436 .2956 .1006 130(—4) 151(-6)
7 3485 .2980 .1985 646(—4) 714(-5) 534(-T7)
1x 1 .2050 .1758 1172 365(—4) 337(-5) 151(-7)
2 458(—4) 395(-4) 264(-4) 760(—5) 487(-6)
3 122(—-4) 106(-4) 707(-5) 196(-5) 102(-6)
5 108(-5) 934(-6) 624(-6) 167(—6) 672(-8)
7 109(-6) 941(-7) 629(—17) 165(-7)
1 X 10 391(-8) 339(-8) 227(-8)
2
3
5
7

can be avoided, if data from more than one ob-
servation well are available, by preparing a
composite data plot of s versus ¢/r. This data
plot would be matched by adding the constraint
that the r values for the different data curves
representing each well fall on proportional 8
curves.

The “late” data (for large values of ¢) can be
analyzed using equations 16, 17, and 18; these
equations are forms of summaries 1, W{u), and
4, L(u, v). However, for cases 1 and 3, the late
data fall on the flat part of the L(u,v) curves
and a time-drawdown plot match would be in-
determinate. Thus, only a distance-drawdown
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match could be used. Drawdown predictions,
however, could be made using the L(u, v)
curves.

Assumption 5, that no drawdown occurs in
the source beds, has been examined by Neu-
man and Witherspoon (1969a, p. 810, 811) for

the situation in which two aquifers are sepa- |

rated by a less permeable bed. This is equiva-
lent to case 3 with K"=0 and S§"=0. They
concluded that (1) H («,8), in the asymptotic so-
lution for early times, would not be affected
appreciably because the properties of the
source bed have a negligible effect on the solu-
tion for T¢/r’S<1.68*(r/B)*, which is equiva-
lent to t< S'6'/10K’, where B=VTb'/K', and
(2) if T, >100T, where T, represents the trans-

. missivity of the source bed, it is probably- fus-

% tified to neglect drawdown in the unpumiped -
" aquifer. ‘

Table 5.2 is a listing of a FORTRAN program
for computing values of H(u,8) for u=10-%
using a procedure devised and programed by S.
S. Papadopules. Input data for this program
consists of three cards. The first card contains
the beginning value of 1/u, coded in columns
1-10, in format E10.5, and the ending (largest)
value of 1/u, coded in columns 11~20, in format
E10.5. The next two cards contain 12 values of
B, coded in columns 1-10, 11-20, ..., and
71-80 on the first card and columns 1-10,
11-20, ..., 31-40 on the second card, all in
format E10.5. The function is evaluated as fol-
lows (S. S. Papadopulos, written commun.,
1975):

x
Hwu,p) =/ (e "Iy) erfc (BNVul Vy(y—u)) dy
173

=f fdy,
u

where f represents the integrand. For 8=0,
H(u,8)=W(u), where W(u) is the well function
of Theis. Because erfe(x)=<1 for x =20, it follows
that H(u,8)<W(u), and for u >10, W(x)=0 and
therefore for u>10, H(u,B)=0. The tables of
H(u,8) indicate that H(u,8)=0 for 8>1 and
B%u >300. For an arbitrarily small value of v,
the integral can be considered as the sum of
three integrals
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x u| U»_) x
/fdy=f fdy+f fdy+/ fdy,
u u U, U,

where u, = (u/2)(1 + V 1+102°8%y),
and u, = (@/2)(1 + V 1+0.025 B¥u).

The significance of u, and u, is that

erfc (BVulVyly—u)) = 1 for u>u,

and
erfc (BVulVy(y—u)) = 0 for u<u,.
Therefore,
u,
/ fdy =0,
u
and >

/‘ fdy = W(uz),
1223

where W(u,) is the well function of Theis. The
function can be evaluated as

H(u,B) = W) foru > u,

u,

H(u,B) = fdy + W) foru, <u <u,

u

u;
and H(u,B) --/ fdy + W) for u < u, .
u

If u, > 10, then

U, 10
fdy=f fdy, Wu,) =0 .
u, U,

An example of output from this program is
shown in figure 5.3.

Solution é: Constant discharge
from a partially penetrating well
in a leaky aquifer

Assumptions:
1. Well discharges at a constant rate, @.
2. Well is of infinitesimal diameter and is
screened in only part of the aquifer.
3. Aquifer has radial-vertical anisotropy.
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H(UsHETA)

1/U

C.100E
0,150E
N.200E
0.300E
0.500E
0.700E
0.100E
0.150E
0.,200E
0.300E
0.500E
N.700E
N0.100E
N, 15nE
N.200E
0.300E
N 500NE
0.700E
0.100E
0.150E
N.200E
0.300E
f.500E
Ne700E
N,100E
0.150E
N.700E
0.300E
N.500E
0.700E
0.100EF
0e«150F
N.200E
0.300E
C.500E
N« T00E
N.10NE
0.150E
N.200E
N«300E
NeS0NE
Ne700E
0.100F
0.150E
C.20NE
Ne300E
(0eS00E
N.700E
0.100E

or
02
02
02
07
02
03
03
03
03
03
03
04
04
04
04
04
064
05
05
05
05
05
ns
()
06
06
06
056
06
07
07
07
07
07
07
08/
né
08
08
0R
08
09
09
09
09
09
09
10
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FETA
noBOE_Ol
1.6667
1.9653
2.2308
2.5626
2.9759
3.R428
3.5196
3.8256
4,0369
4,3259
46,6754
4,8969
5.1247
5,3756
5.5488
5,7371
65,0787
6.2565
6.4623
6.6R16
6.8353
7.04928
7.3176
7.4915
T.6754
T.HR34
B,0304
A,2369
E.4960
B.HhA62
8.,8463
5.0507
9,1955
99,3995
9.6560
S.8249
10,0038
10.2070
10.3512
10.5543
10.8101
10,9785
11.1570
11,3599
11.5039
11.7067
11.95622
12.1305
12.3089

0.10F 00
1.3894
1.6531
1.8401
2.1010
2.4228
2.6296
2.8443
3.0R26
3.2483
3.4775
3,753R
3.9425
4,]1338
4 ,34R6
4 ,49964
4,7109
4,9747
5.1474
543297
S.5361
SebAP1]
5.8874
6.1454
Fe3145
6.4%44
6.6983
68427
7TD4k?
7T.3024
74710
7.6497
7.8528
T.9G968
f,1998
8.4554
8.6237
R.8022
95,0070
9.1489
9.,3517
S,6072
G.7T754
9.9538

10.1566

10.3004

10.5032

10.75€4

10,9269

11.1052

0.30F 0N
049356
11203
1.2536
1,4435
1.6853
1.8457
2.2112
23499
2+5459
27931
29576
3.1317
3.3301
34712
30670“
3.59220
4.0880
be2b43
4e4€50
a.h0T76
44KOBT
S5.Nh2a
527297
55,4072
5.6080
5.75223
5.9544
6.2091
63770
£e5549
6.7573
6.9010
Ts1034
7.3586
Te5267
7.7049
79075
f.0012
He2539
HeGNG2
BeHTT3
ReR556
9.0583
Gec02]
S.4048
G.6602
9.8254
10,0067

(te10F 0]
0.3870
0.5010
N.5H12
0.7023
Ne&6TT
09536
l.112°2
le2647
1.3767
1.5394
1.7516
1.82953
2.0507
2.230%5
7?3602
7?5457
2.7516
209396
3.1082
3.3014
3.6304
Q,6346
3.6827
4 el1an ¢
4.2c12
G207
445617
4,7615
-5, 014]
5.1807
S5.3576
5.5529
5.7018
Se“035
6£.1578
Hed26%
~eS03R
He TGS
6eFa9(
70513
T30AR3
TebT44
T.6R785
7.A8550
Te99ARR
R.2NY6
Fe45h8A
k,b248
ReHN31

0430F 0]
0.0GA%
0.137¢
Nel733
N.2320
0e.3214
03497
0.4702
0.5717
0e649¢
0.7AR3
0.5305
l1.06487
1.1715
1.3225
1.4335
1.5851
l.5GK7
1.9494
2+104°
2ecR3T7
2.6131
2e5WT4
2e83Ga
€e5571
361606
3.353=
R.4917
3.6K7¢7
3.935)
44,099]
44.273n
447 PF
4e5141
48141
50"'{)'3)"'?

5.233?

5.4101

5.6114

5.7544

S5.9561

Serlfie

Afe3T751

T

6HeT75AK1

6.9014

Tel040

7+3530

T.5270

T.7052

FI1GURE 5.3.—Example of output from program for computing drawdown due to constant discharge from a
well in a leaky aquifer with storage of water in the confining beds.
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4. Aquifer is overlain, or underlain,
everywhere by a confining bed hav-
ing uniform hydraulic conductivity
(K') and thickness (b').

5. Confining bed is overlain, or underlain,
by an infinite constant-head plane
source.

6. Hydraulic gradient across confining bed
changes instantaneously with a
change in head in the aquifer (no re-
lease of water from storage in the
confining bed).

. Flow is vertical in the confining bed.

8. The leakage from the confining bed is
assumed to be generated within the
aquifer so that in the aquifer no ver-
tical flow results from leakage alone.

-3

Differential equation:

8%s/0r? + 1/r 3s/0r + a®9°s/82z* — sK'ITb’
= S/T 08s/9t

a®’=K. /K,

This is the differential equation describing
nonsteady radial and vertical flow in a
homogeneous aquifer with radial-vertical
anisotropy and leakage proportional to draw-
down.

Boundary and initial conditions:

s(r,z,00=0,r=0,0szs<b 1)
s(=,2,t)=0,0=sz=<b, t=0 (2)
0s(r,0,t)02=0, r=0, t=0 3)
9s(r,b,t)/0z=0, r=0,t=0 4)
) s \ 0, for0 <z <d
lim r e -QIQuK, (l-d), ford <z <[ (5)
r—0 9 | g for] <z <b

Equation 1 states that, initially, drawdown
is zero. Equation 2 states that drawdown is
small at a large distance from the pumping
well. Equations 3 and 4 state that there is no
vertical flow at the upper and lower boundaries
of the aquifer. This means that vertical head
gradients in the aquifer are caused by the
geometric placement of the pumping well
screen and not by leakage. Equation 5 states
that near the pumping well the discharge is

distributed uniformly over the well screen and
that no radial low occurs above and below the
screen.

Solution:
I. For the drawdown in a piezometer, a so-
lution by Hantush (1964a, p. 350) is given by

s = Q4nT{Wu,B) + f(u,ar/b,B,dlbl/b,zb)},

xe_y_:‘;L’2
W(u,B) =/ 7— dy
1

where

2

u=re
4Tt
= ————v—r2 I
B Tbl
a = VK./K,

f(u,ar/b,8,d/blb,2/b)
= 20/n(l~d) L Un(sin nwilb ~ sin nnd/b)

'cos(nﬂz/b)W(u, V B2 +(nmarlb 2) .

II. For the drawdown in an observation
well

s = QUnT{Ww.p)
+ fu,ar/,B,dsblib,d'Ibl'Ib)},
where
f(u,ar/b,B,d/b,lib,d'Ib,l'Ib)
= 2b¥m(l—d)(I'—d")
. Ell/nz(sin nwl/b — sin nwd/b)

n=

-(sin n7l'/b—sin nwd'16) W{u,V 82 + (nmar/b)?)

Comments:

The geometry is shown in figure 6.1. The dif-
ferential equation and boundary conditions are
based on the assumption that vertical flow in
the aquifer is caused by partial penetration of
the pumping well and not by leakage. Hantush
(1967, p. 587) concluded that this assumption is
correct if bV K'/Tb’ < 0.1. The solutions are
based on a uniform distribution of flow over the
screen of the pumped well. Depending on fric-
tion losses within the well, a more realistic as-
sumption might be constant drawdown over
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FIGURE 6.1.-—Cross seglon through a discharging well that is screened in part of a leaky aquifer.

the screen of the pumped well; this assumption
would imply nonuniform distribution of flow.
Hantush (1964a, p. 351) postulates that the ac-
tual drawdown at the face of the pumping well
will have a value between these two extremes.
The solutions should be applied with caution at
locations very near the pumped well. The ef-
fects of partial penetration are insignificant for
r>1.5 b/a (Hantush, 1964a, p. 350), and the
solution is the same for the solution 4.

Because of the large number of variables in-
volved, presentation of a complete set of type
curves is impractical. An example, consisting
of curves for selected values of the parameters,
is shown in figure 6.2 on plate 1. This figure is
based on function values generated by a FOR-
TRAN program.

The computer program formulated to com-
pute drawdowns due to pumping a partially
. penetrating well in a leaky aquifer is listed in
table 6.1. Input data to this program consists of
cards coded in specific FORTRAN formats.
Readers unfamiliar with FORTRAN format

items should consult a FORTRAN language
manual. The first card contains: aquifer thick-
ness (b), coded in format F5.1 in columns 1-5;
depth, below top of aquifer, to bottom of pump-
ing well screen ( /), coded in format F5.1 in col-
umns 6-10; depth, below top of aquifer, to top
of pumping well screen (d), coded in format
F5.1 in columns 11-15; number of observation
wells and piezometers, coded in format I5 in
columns 16-20; smallest value of 1/u for which
computation is desired, coded in format E10.4
in columns 21-30; largest value of 1/u for
which computation is desired, coded in format
E10.4 in columns 31-40. The next two cards
contain 12 values of r/B, all coded in format
E10.5, in columns 1-10, 11-20, 21-30, 31-40,
41-50, 51-60, 61-70, and 71-80 of the first
card and columns 1-10, 11-20, 21-30, and
31-40 of the second card. Computation will
terminate with the first zero (or blank) value
coded. Next is a series of cards, one card per
observation well or piezometer, containing: ra-
dial distance from the pumped well multiplied
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by the square root of the ratio of vertical to
horizontal conductivity (rVK./K,), coded in
format F5.1 in columns 1-5; depth, below top of
aquifer, to bottom of observation well screen
(code blank for piezometer), coded in format
F5.1, in columns 6-10; depth, below top of
aquifer, to top of observation well screen (total
depth for a piezometer), coded in format F5.1,
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in columns 11-15. Output from this program is
a table of function values. An example of the
output is shown in figure 6.3.

Because most aquifers are anisotropic in the
r—z plane, it is generally impractical to use
this solution to analyze for the parameters.
However, it can be used to predict drawdown if
the parameters are determined independently.

W(UsR/BR)+F (UsR/ByR/BRsL/BsD/B9Z/B)s Z/B= 0,504 SORT(KZ/KR)®R/B= 0410+ L/R= 0.70s D/B= 0.30

| R/BR

17U | 0.10E-05 0.10E-04 0.10E-03 0,10E-02 0.10E-01 0,106 00 0.10E 01 0.10E 02
0.100€ 01 045478 0.5478 05478 0.5478 0.5478 0.5468 0.4631 0.0001
0.150€ 01 0.9901 0.9901 0.9501 0.9901 0.9900 0.9878 0.7872 040001
0+200E 01} 1.3804 1.3804 1.3804 1.3804 1.3803 1.3764 1.0398 0.0001
0+300E 01 2.0063  2.0063 2.0043 2.0043 2.0042 1.9964 1.3767 0.0001
0.500€ 01 2.8381 2.8381 2.8381 2.8381 2.8379 2.8221 1.6931 0.0001
0.700E 01 3.3737  3.3737 3.3737 3.3737 3.3735 343499 1.8158 040001
0.100E 02  3.9049 3.9049 3.9049 3.9049 3.9046 3.8700 1.8826 040001
0,150 02  4.4488B  &4.4488 4.46488 6.46B8  4.4483 4.3975 1.9094 0.0001
0.200E 02  4,7951 4.7951 4.7951 4,7951 4,7966 447291 1.9143 040001
0.300E 02  5.,2379  5.2379  5.23f9 5.2379  5.2269 5.1455 149155 0.0001
0.500E 02  5.7539  5.7539  5.7539 5.7539 5.7525 5.6135 1.9155 0.0001
0.700E 02 6.0864 6.0864  6.0864 6.08664 640844 5.9001 1.9155 040001
0.100€ 03 644390 646390 644390 £.4389  6.4363 641859 1.9155 0.0001}
0+150E 03 6.8411 6.8411 68411 6.8411 6.8372 604816 1.9185 0.0001
0.200E 03 7.1271 7.1271 7.1271 7.1271 T.1220 6.6669 1.9155 0.0001
0.300€E 03 7.5309  7.5309 745309 7.5309  7.5233 6.8R54 1.9155 040001
0.500E 03  8.064064 840404 B+0406 8.0403  8,0278 7.0788 1.9155 040001
0.700€ 03 8.3763 843763 843763 8.3762  8.358R 7.1556 1.9155 0.0001
0+100E 04 8.7326  8.7326 8.7326 8.7323  8.7076 7.2002 1.9155 040001
0.150€ 04 9.1377 9.1377 9.1377 9.1373  9.1005 7.2199 1.9155 0.0001
0.200€ 06 9.4252  9,4252 9.4252 9.4267 9,375 7.2239 1.9155 0.0001
0.300E 06 9.8305 9.8305 9.8305 9.8298  9.7568 7.2250 1.9155 0.0001
0+500E 04 1043412 10.3412 10.34]2  10.3400 10,2199 7.2251 1.9155 040001
0+700E 04 1046776 10.6776  10.6776  10.6759  10.5099 7.2251 1.9155 040001
N+100E 05 11,0343 11.0343 11.0343 11,0318  10.7990 7.2251 1.9155 040001
W{UsR/BR) +F (UsR/BIR/BRIL/B9D/BeLT/B+D*/8) ¢ Lt/HB= 0.51s D'/R= 0,69y SORT(KZ/KR)®R/A= 04104

L/B= 0.704 D/K= 0.30
I R/AR

17U | 0.10E-05 0.106-04 0,10E-03 0,10E-02 0.10E-01 0.10E 00 0.10E 01 0.10E 0?
0.100E 01 0.5477 045477 0.5477 0.5477 0.56477 0.5468 0.4631 0.0001
0.150€ 01 0.9899 0.9899 0.9899 0.9899  0.9899 0.9876 0.7871 0.0001
0.200E 01 1.3801 1.3801 1.3801 1.3801 1.3801 143761 1.0396 0.0001
0.300E 01 2.0038 2.0038 2.0038 2.0038  2.0037 1.9959 1.3764 040001
0.500E 01 2.8372 2.8372 2.8372 2.8372  2.8371 2.8213 1.6927 0.0001
0+700E 01 3.3727 3.3727 3.3727 3.3727  3.372% 3.3488 1.8153 n.0001
0.100E 02 3.9037 3.9037 3.9037 3.9037 3.9034 3.86R8 1.8821 040001
0.150E 02  4.4475  4,4475 444475 6.4475 6464470 4,3962 1.9089 0.0001
0.200E 02 4.7937  4.7937 4.7937 4.7937  4,7930 4.7277 1.9138 040001
0.300E 02  5.2365 5.2365 5.2365 5.2365  5.2356 5.16641 1.9150 00001
0.500E 02 5.7525  5.7525  5.7525 $.7525  5.7511 5.6122 1.9150 0.0001
0.700E 02  6.0850 6.0850 6.0850 6.0B49  6.0830 5.8987 1.9150 0.0001
0+100€ 03 644376 644376 644376 646375  6.4349 641845 1.9150 040001
0.1S0E 03 6.8397 6.8397 6.8397 6.8397  6.835R 644802 1.9150 040001
0.200E 03 7.1257 7.1257 7.1257 7.1257 7.1206 646655 1.9150 0.0001
0.300E 03 7.5295 7.5295 745295 7.5295 7.5219 64.8R40 1.9150 04000}
0.500E 03 8.0390 8.0390 8.0390 8.0389  B.026¢ 7.0775 1.9150 0.0001
0.700€ 03 8.3749 8.3749 8.3749 8,3748 8.3574 7.1542 1.9150 0.0001
0.100E 04 8.7312 B.7312 8.7312 8.7309  8.7042 7.1988 1.9150 0+0001
0.150E 04 9.1363  9.1363 9.1363 9.1359  9.0991 7.2185 1.9150 040001
0.200E 04 9.64238 9,4238 9.4238 9.4233 9,3743 7.2225 1.9150 0.0001
0.300E 04 9.8291 9.8291 9.8291 9.8284 9.7554 7.2236 1.9150 0.0001
0.500E 04 1003398  10.3398 10.3398  10.3386 10.21R5 7.2237 1.9150 040001
0.700E 06 10,6762 10.6762 10.6762 10,6745 10.5085 7.2237 1.9150 0.0001
0.100E 05 11,0329 11,0329 11.0328  11.03046 10.7976 7.2237 1.9150 040001

FIGURe 6.3. —Example of output from program for partial penetration in a leaky artesian aquifer.
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Solution 7: Constant drawdown in
a well in a leaky aquifer

Assumptions:

1. Water level in well is changed instan-
taneously by s, at t=0.

2. Well is of finite diameter and fully pen-
etrates the aquifer.

3. Aquifer is overlain, or underlain,
everywhere by a confining bed hav-
ing uniform hydraulic conductivity
(K') and thickness (b').

4. Confining bed is overlain, or underlain,
by an infinite constant-head plane
source,

5. Hydraulic gradient across confining bed
changes instantaneously with a
change in head in the aquifer (no re-
lease of water from storage in the
confining bed).

6. Flow in the aquifer is two dimensional
and radial in the horizontal plane
and flow in the confining bed is verti-.
cal. This assumption is approximated
closely where the hydraulic conduc-
tivity of the aquifer is sufficiently
greater than that of the confining
bed.

Differential equation:

d*s/or + (1/ryos/or — sK'/Tb' = (SIT)dslot
This differential equation describes nonsteady
radial flow in a homogeneous isotropic confined
aquifer with leakage proportional to draw-
down. g
Boundary and initial conditions:

s(r,00=0, r=0 1
s(r.t)=s,, t=0 (2)
s(ee,t)=0, t=0 3

Equation 1 states that, initially, drawdown
is zero. Equation 2 states that at the wall or
screen of the discharging well, drawdown in
the aquifer is equal to the constant drawdown
in the well, which assumes that there is no en-
trance loss to the discharging well. Equation 3
states that the drawdown approaches zero as
distance from the discharging well approaches
infinity.

TECHNIQUES OF WATER-RESQURCES INVESTIGATIONS

Solutions (Hantush, 1959):
I. For the discharge rate of the well,

Q = 27Ts,G{a,r./B),
where

G(a,ru~/B) = (r“-/B)Kl(r“-/B)/K()(ru'/B)
+(/7*) exp [-a(r,/B)]

f{uexp<—au2>/[4f w) + Y @]}
0

-du/[u2 + (r,,./B)Z],

a = Tt/Sr?

ws

and

B = VTbI/K'.

K, and K, are zero-order and first-order, re-
spectively, modified Bessel functions of the sec-
ond kind. J, and Y, are the zero-order Bessel
functions of the first and second kind, re-
spectively.

II. For the drawdown in water level

s = 3:¢~(K(.(7‘/B)/K“(rw/B)

X<
+(2imexpl~ar2BY | £Xplzow)
u* + (r,/BY
0
CJolurir VY o) = Y urir, ) ow)
an(ll) + Y, A (w)

u du

4)

with a, B, K,, J,, and Y, as defined previously.
Comments:

A cross section through the discharging well
is shown in figure 7.1. The boundary conditions
most commonly apply to a flowing artesian
well, as is shown in this illustration.

Figure 7.2 on plate 1 is a plot of dimension-
less discharge (G(a,r./B)) versus dimension-
less time («) from data of Hantush (1959, table
1) and Dudley (1970, table 2). Selected values
of G(a,r,/B) are given in table 7.1. The corre-
sponding data curve should be a plot of ob-
served discharge versus time. The data curve is
matched to figure 7.2 and from match points
(a,G(a,r,/B)) and (¢,@), T and S are computed
from the equations
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FiGuRre 7.1.—Cross section through a well with constant drawdown in a leaky aquifer.

T = Q/2ns,.Gle,r,./B))

and S = Ttli(ard).

Figure 7.3 on plate 1 contains plots of dimen-
sionless drawdown (s/s,.) versus dimensionless
time (ar?/r*). The corresponding data plot
would be observed drawdown versus observa-
tion time. Matching the data and type curves
by superposition and choosing convenient
match points (s/s,.,arr*) and (s,t), the ratio of
transmissivity to storage coefficient can be
computed from the relation

TIS = (arkird)(ri).

Figure 7.3 was plotted from function values
generated by a FORTRAN program. This pro-
gram is listed in table 7.2. The input data for
this program consist of three cards coded in
specific formats. Readers unfamiliar with

FORTRAN format items should consult a
FORTRAN language manual. The first card
contains: the smallest value of alpha for which
computation is desired, coded in format E10.5
in columns 1-10; the largest value of alpha for
which computation is desired, coded in format
E10.5 in columns 11-20. The output table will
include a range in alpha spanning these two
values up to a limiting range of nine log cycles.
The second card contains 13 values of r,./B.
These coded values are the significant figures
only and should be greater or equal to 1 and
less than 10. The power of 10 by which each of
these coded values is multiplied is calculated
by the program. Zero (or blank) coding is per-
missible, but the first zero (or blank) value will
terminate the list. The 13 values, all coded in
format F5.0, are coded in columns 1-5, 6-10,
11-15, 16-20, 21-25, 26-30, 31-35, 36-40,
41-45, 46-50, 51-55, 56-60, and 61-65. The
third card contains the radius of the control
well and distances to the observation wells.
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TaBLE 7.1.—Values of G(a,r,./B)

| Values for r /B = 1x107" and « * 1% 10" are from Hantush (1959, table 1), others are from Dudley (1970, table 2)]

r./B

a 0 6x10-? 1x107? 2x107? 6x107? 1x10" 2x107! 6x10! 1x10°
1 X10 2.24 2.24 2.24 2.25 2.25 2.25 2.26 2.31 243
2 1.71 1.71 1.71 1.71 1.72 1.72 1.73 1.81 1.96
5 1.23 1.23 1.23 1.23 1.23 1.24 1.25 1.38 1.61
1 X 10° .983 .983 .983 .984 .986 .990 1.01 1.18 1.49
2 .800 .800 .800 .801 .804 .809 .834 1.07 1.44
5 .628 .628 .628 .629 .633 642 .682 1.01 1.43
1 x 10 .534 .534 .534 535 23% igtli géé
2 461 .461 .461 .462 . . .
5 .389 .389 .389 .390 ggz .43’8} 238
1 x10° .346 .346 .346 .349 . 41 .545
2 311 311 312 316 gi(;’ .402
5 274 .275 276 .284 . .40
1 X10° .251 .252 .255 .266 .339
2 .232 .%34 .239 %25
5 210 215 222 .249
1 X 10 .196 .204 216 .248
2 .185 197 213
5 170 192 212
1 X 10° .161 191
2 152
5 .143
1 X 108 .136
2 .130
5 .123 191 212 .248 .339 .406 .545 1.01 1.43

r/B

« 0 1x10% 2x10- 6x10- 1%107 2x107 6x10 1x10 2x10°
1 x 10¢ 0.196 0.196 0.196 0.196 0.196 0.196 0.196 0.196 0.197
2 .185 .185 .185 .185 .185 185 .185 .185 .185
5 176 176 170 170 170 170 170 170 173
1 X10° .161 .161 .161 161 161 161 .162 .162 .16':-;
2 152 .152 .152 .152 .152 .152 163 1565 .16
5 .143 .143 .143 .143 .143 .143 144 .148 161
1 X108 .136 .136 .136 .136 .136 137 .139 .144 .159
2 .130 .130 .130 .130 .130 131 .135 .143 .159
5 123 123 123 .123 123 124 .133 142 158
1 X107 118 .118 .118 118 1}2 .120
2 114 114 114 114 .1 .116
5 .108 .108 .108 .108 110
1 xX10* .104 .104 104 105 18?
2 .100 .100 .101 .103 .1
5 .0958 .0958 .0966 .102
1 X 10¢ 0927 .0930 .0943
2 .0899 .0906 .0927
5 .0864 .0880 .0916
1 X 10 .0838 .0867 .0914
2 .0814 .0862
5 .0785 .0860
1 x 10" .0764 .0860 .0914 .102 107 .116 .133 142 .158
2
5

The control well radius (r,.) is coded first, in
columns 1-8 in format F8.2. The distances (r)
to the observation wells (maximum of nine) are
coded next, in monotonic increasing order
(smallest r first, largest r last), in columns
9-16, 17-24, 25-32, 33-40, 41-48, 49-56,
§7-64, 65-72, and 73-80, all in format F8.2. If
two or more observation wells have the same
distance, this common distance should be coded
only once, the function values will apply to all
wells at the same distance from the control

well. If the number of observation wells is less
than nine, the remaining columns on the card
should be left blank.

The integral in equation 4 is approximated
by

x
f fle,a,r,/B)du =
0

8000
Y f(—=Au/2 + iAu,or,/B) Au .
i =1
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This expression is a composite quadrature with
equally spaced abscissas. The abscissas are
chosen at the midpoints of the intervals instead
of the ends because the integrand is singular at
1 =0. The value of Au used is related to a and is
Au < 107*/V'a . The r,./B values then selected
by the program satisfy r,./B = 10 Au. These two
constraints, though empirical, are related to
the behavior of the integrand; the first con-
straint is related to the term e "™ as u becomes
large, and the second to w/(u*+(r./B)?) as u
becomes small.

The Bessel functions K,(r/B), K,(r,./B) are
evaluated by the IBM subroutine BESK. A de-
scription of this subroutine may be found in the
IBM Scientific Subroutine Package.

The Bessel functions of the second kind in

the integrand,Y,(x) and Y,(ur/r,), are evalu- l

ated using IBM subroutine BESY, which is
discussed in IBM SSP manual. The Bessel
functions JJ, () and J,(ur/r,.) are evaluated for
arguments less than four by a polynomial ap-
proximation consisting of the first 10 terms of
the series expansion

Jox) = io(—n" x/2)"/(nH2.

For arguments greater than or equal to four,
the asymptotic expansion is used

Ju(x) = P cos {x — 7/4) + @ sin (x — 7/4).

P and @ are calculated by the algorithm used
in IBM subroutine BESY.

The output from this program consists of ta-
bles of function values, an example of which is
shown in figure 7.4.

Solution 8: Constant discharge
from a fully penetrating well of
finite diameter in a nonleaky
aquifer

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of finite diameter and fully pen-
etrates the aquifer.

3. Aquifer is not leaky.

4. Discharge from the well is derived from
a depletion of storage in the aquifer
and inside the well bore.

tF(u,a,p) = (804/17)/

Differential equation:
8%s/0r*+(1/r)ds/or = (S/T)3s/d¢, r=r,.

This differential equation describes
nonsteady radial flow in a homogeneous iso-
tropic aquifer in the region outside the pumped
well.

Boundary and initial conditions:

$(re, t) = s,.(), t>0 (1)

s(>,t)=0,t>0 (2)
s(r,0) =0,r=r, 3)
5.,(0)=0 (4)

27r, T)0s(ry, t)/0r — (mr2)ds,.(t)/0t
= -@,t>0 (5

Equation 1 states that the drawdown at the
well bore is equal to the drawdown inside the
well, assuming that there is no entrance loss at
the well face. Egtation 2 states that drawdown
is small at a large distance from the pumping
well. Equations 3 and 4 state that, initially,
drawdown in the aquifer and inside the well is
zero. Equation 5 states that the discharge of
the well is equal to the sum of the flow into the
well and the rate of decrease in storage inside
the well.

Solution (Papadopulos and Cooper, 1967,
Papadopulos, 1967):

s = (Q/47T) F(u,a,p),

where

x>

0

[(1-exp(-B2p24w)] [J(BMAB-Y (BpIB(@)]

dg

Al + [B@] i,
and
B(B) = BJ(B)~2ad,(B),
A(B)=BY,(B)-2aY,(B),
w =rS/4Tt,
a =r:S/r:,
and p=rir..

J, and Y,, J, and Y,, are zero-order and
first-order Bessel functions of the first and sec-
ond kind, respectively.



Z(ALPHAWR/RWsRW/B)

ALPHA

0.100E
0.150€
0.200E
0.300E
0+500E
0.700E
04100E
0150E
04200E
0.300E
0.500&
0.700L
0.100E
0.150E
0.200€
0.300E
0.500E
0.700E
0.100E
0.150E
0.200E
0.300E
0.500E
0.700E
0.100E

RwW/8
0.10E~03 0.15E~03 0.20E-03 0.30E-03 0.S50E-03 0.70E~03 0.10E-02 0.15€~02 0,20E-02 0,30E-02 0,50E-02 0,70E-02 0.10€E-01

0.114
0el42
0.161
0.188
0.221
0.242
04263
0.285
0.300
0.321
04345
0.360
0375
04391
0.402
04417
0435
0+445
0,456
0.467
0.474
0.483
0.492
0.497
0.501

R/RW= 100,

0.114
0.142
0.161
0.188
0.221
0.242
0.262
0.285
0.300
0.321
04345
04360
0375
0.391
0,401
0.416
0.432
0et42
0.452
0,461
04467
04473
04479
0.482
0.483

FIGURE 7.4.—Example of output from program for constant drawdown in a well in a leaky artesian aquifer.

0.114
0.142
0.161
0.188
0.221
0.242
0.262
0.285
0.300
0.320
0344
0359
06374
0.389
0.400
0414
0.429
0.438
0.446
0+454
0.458
0.462
04465
0.466
0e467

0.114
0.1641
0.161
0.188
0.221
0.241
0.262
0.284
0+299
0.319
04343
04357
04371
0.386
04396
0.408
0,421
0.427
0,433
04437
0.439
04440
0.440
0,440
04440

0.113
Uel4l
0.161
0.188
0.220
0.2641
0.261
0.283
0.298
0.317
04339
0.352
0.364
0.376
0.384
0.392
0.399
0,401
0.403
0.403
0.404
0,406
0.404
0.406
0,604

0.113
0el41
0.161
0.188
0.220
0.240
04260
0.281
04295
0.313
0.333
0.344
04355
Ve364
0.368
Ve373
0.376
0e376
0.377
0e377
0377
04377
06377
Ve377
0.377

04113
Osl4l
0.160
0.187
0.218
04237
0257
0.277
0.289
0.+305
0e.322
0.330
0337
04342
0e344
0.345
0346
D346
Je346
De346
)e346
Ne346
0e346
Ne346
06346

o.112
0.140
0.159
0.184
0.214
0.232
0.250
0.267
04277
0.289
0299
0.303
0305
04306
06307
04307
0307
06307
0.307
0,307
0.307
06307
04307
0.307
04307

0.112
0.138
0.157
0.181
0.209
0.225
04240
0.254
0.262
0+269
0.275
0.276
0277
0,277
0.277
0,277
0277
0.277
0.277
0.277
0.277
06277
0.277
0.277
0.277

0.109
00134
0.151
0,173
0.196
0.208
0.218
0.225
0.228
0.231
0.232
0.232
06232
0.232
0.232
0.232
0.232
0.232
0.232
0.232
0.232
0.232
0.232
0.232
0.232

0.102
vel22
0.135
0.150
O0el62
0.1067
0.169
0.170
0.171
0s171
0.171
0.171
0171
0.171
0171
0.171
0.171
0.171
0.171
0.171
0.171
0.171
0.171
0.171
0171

0.091
0107
0.115
0.123
0.128
0.130
04130
0.130
04130
04130
04130
0.130
0.130
0.130
06130
0.130
04130
04130
0.130
0.130
04130
0.130
0.130
0.130
0130

Je074
0.082
0.086
0.088
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
0.089
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The drawdown inside the pumped well is ob-
tained at r = r,. and can be expressed as
(Papadopulos and Cooper, 1967, p. 242):

= (Q/47T) F(u, o),

where Flu,,a) = F(u,a,1),

and u, = r2S4T.

Comments: A cross sectlon through the dis-
charging well is shown in figure 8.1. The
geometry, except for the region of the well bore,
1s the same as for solution 1 (Theis solution). It
is apparent from figure 8.2 and 8.3 (on plate 1)
that F(u,a,p) approaches W(u), the
Theis solution, as time beeomes -large.

Ground surface

Static level

Papadopulos (1967, p. 161) stated that for
t>2.5x10%./T, or ap’u>10", the function
F(u,a,p) can be closely approximated by
F(u,a,p)=W (u). Papadopulos and Cooper
(1967, p. 242) stated that for ¢t>2.5x10% r.4T,
or a/u, >10* the function F(u,,x) can be
closely approximated by F(u,,a)=W(u,). An
examination of the type curves and function
values indicates that F(u,,0)=W(u,) (less
than 5-percent error) for a/u,, > 102 and hence ¢
should only be greater than 25 r.%T for draw-
down in the pumped well.

Figures 8.2 and 8.3 were prepared from func-
tion values given in Papadopulos and Cooper
(1967) and Papadopulos (1967), which are Xe-
produced in table 8.1. For drawdown obsexvia-
tions im the pumped well, the method of
analysis is-§o:plot dirawdown versus time and .

?

I—__

712 I,

[ 77777777

7= S

FiGURE 8.1.—Cross section through a discharging well of finite diameter.
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FicUre 8.2.—Five selected type curves of F(u,.,a), and the Theis solution, versus Yu,.

then superimpose the plot on figure 8.2. After
match points of (s,¢) and (F(u,,a), l/u,) are
chosen, the transmissivity can be computed
from the relation T =(Q/4ws) F(u,,x). Then,
the storage coefficient can be determined from
S=4THr2(lu,).

For observations not in the pumped well, two
procedures are available for analyzing the
data. To analyze the data from a single obser-
vation well, a family of type curves of F(u,a,p)
versus 1/u for different values of « can be plot-
ted for the p value appropriate for the observa-
tion well, using values in table 8.1. This proce-
dure produces a family of type curves similar to
that shown for p=1 in figure 8.2. If p for the
observation well is between p values in table
8.1, function values can be interpolated. Using
this approach, the data for the observation well
are plotted as drawdown versus time and
matched to the best-fitting member of the plot-
ted type curves. Transmissivity and storage
coefficient can be calculated from T =(Q/4ms)
F(u,0,p) and S =(4Tt/r*)/(1/u).

Drawdowns at more than one observation
point may be combined by preparing a compos-
ite plot of the drawdowns at each observation

well versus ¢/r2. This composite plot would be
analyzed by matching it to a family of type
curves of F(u,a,p) versus 1/u for constant . An
example of such a type-curve family for «=10"
is shown in figure 8.3. This method requires
multiple sheets of type curves, one sheet for
each value of o. When the data curves are
matched to the type-curve family, care should
be taken to insure that the data for each well
fall on the type curve having the appropriate p
value. This will be possible for all the data for
only one value of a. Transmissivity and storage
coefficient are calculated from T =(Q/4ms)
F(u,a,p) and S =4T (t/r*)/(1/u).

In both of these methods of plotting and com-
paring data, an alternate computation of stor-
age coefficient is S=ria/r}. However, as
pointed out by Papadopulos and Cooper (1967,
p. 244), the shapes of type curves differ only
slightly when « changes by an order of mag-
nitude, therefore the determination of S is sen-
sitive to choosing the “correct” curve.
Papadopulos and Cooper (1967, p. 244) suggest
that if S can be estimated within an order of
magnitude, the value of « to be used for match-
ing the data can be decided.
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TaBLE 8.1.—Values of the function F(u,a,p)
For a = 107!

| Values for p = 1 from Papadopulas and Cooper, 1967. Other values from Papadopulos, 1967]
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TABLE 8.1.—Values of the function F(u,a,p)-—Continued
For a == 1073
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11.74 12.40 12.52 12.54

12.91 13.17 13.23 13.24

13.78 13.90 13.93

14.79 14.83
15.51 15.53
16.22 16.23
17.14
17.84

Fora = 103

5.00 x 10°° 2.27 x 107® 2.48 x10 ¢ 4.19 x 10°° 9.00 x 10°° 3.21 x10°% 9.77 x 107° 3.15x 10"
1.00 x 107® 8.36 1.44 x 1073 3.07 x 1073 7.89 x 10 3.27 x 107 1.04 x 1073 3.44 x 107*
2.00 2.51 x 1073 5.94 147 x 10~ 4.14 x 10~ 1.84 x 107 6.02 2.00 x 107
5.00 8.87 2.74 x 107! 7.61 2.31 x 107* 1.08 x 1072 3.61 x 1072 1.19 x 107!
1.00 x 10~ 2.11 x 107 7.42 2.18 x 1073 6.85 3.30 1.10 x 107! 3.50

2.00 4.77 1.84 x 103 5.65 1.82 x 10 8.90 2.92 8.57

5.00 1.34 x 1073 5.64 1.80 x 107* 5.92 2.89 x 107! 8.91 2.12 x 10*
1.00 x 10°* 2.84 1.26 x 1072 4.09 1.36 x 10~ 6.49 1.80 x 10° 3.34

2.00 5.96 2.74 9.03 3.01 1.35 x 10° 3.14 4.40

5.00 1.56 x 10-* 7.43 247 x 107! 8.06 3.03 5.01 5.52

9.99 3.20 1.55 x 10! 5.15 1.60 x 10* 4.75 6.06 6.27

2.00 x 10 * 6.54 3.20 1.04 x10° 2.96 6.31 6.90 6.99

4.98 1.66 x 10! 8.08 245 5.58 7.71 7.89 7.93

9.93 3.34 1.58 x 10° 4.28 7.54 8.52 8.61 8.63

1.98 x 10™! 6.62 2.93 6.63 8.90 9.21 9.31

4.86 1.59 x 10° 5.86 9.36 10.10 10.22 10.24

9.49 2.95 8.53 10.60 10.86 10.92

1.82 x 10° 5.15 10.67 11.48 11.59 11.62

4.03 9.08 12.28 12.49 12.53 12.54

6.78 11.76 13.12 13.21 13.23 13.24
10.13 13.41 13.88 13.92 13.93
13.71 14.68 14.83 14.85
15.13 15.46 15.54
16.05 16.20
17.08 17.14
17.81 17.84
18.51
19.40
20.15
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The early parts (short time) of the curves in
figure 8.2 are straight lines. According to
Papadopulos and Cooper (1967, p. 244), these
represent conditions under which all the water
pumped is derived from storage within the
well. The straight lines approached by the
curves satisfy the equations

F(u,,a) = alu,
and

volume of water discharged
area of well

S =Qt/mr: =

Therefore, as pointed out by Papadopulos and
Cooper (1067, p. 244), data that fall on this
straight part of the type curves do not indicate
information about the aquifer characteristics.

Table 8.2 is a listing of two FORTRAN pro-
grams by S. S. Papadopulos that evaluate

F(UWs ALPHA) FOR ALPHA= 1.,00000E~04

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

F(u,,a) and F(u,a,p). The input data to both
programs consists of cards coded in specified
format (readers unfamiliar with FORTRAN
language format should refer to a FORTRAN
language manual). Input to the programs is
one or more groups of data, each group of data
consisting of two cards. The first card contains
one value of alpha in columns 1-10, coded in
format E10.5. The program to evaluate
F(u,a,p) also requires a value of rho on this
card in columns 11-20. This value of rho,
which must be greater than one, is also coded
in format E10.5. The second card contains 16
values of u coded in columns 1-5, 6-10, ...,
75-80 in format 16F5.0. The F(u,,a) or
Fu,a,p) values will be printed in the order
that the u values are coded. If less than 16 val-
ues of u are desired, the remaining columns on
the card may be left blank. Outputs from these
two programs are shown in figures 8.4 and 8.5.

uw INTEGRAL INTEGRAL ERROR
2.00000E 00 1.54210€ 03 -6.98844E-02
1.00000E 00 3.0R412F 03 «1.39R1T7F=01
5.00000E~01 6.16789E 03 =2.74775€E-01
2400000E-01 14541848 04 -6.97533E-01
1.00000E-01 3.08331E 04 -1.,3971S€ 00
5.00000E-02 6.16529E 04 -2.71364E 00
2.00000E-02 1.54061E 05 -6.,97112€E 00
1.00000E-02 3.07919€E 05 -1.39383€ 01
5.00000E-03 6.15138E 0S5 -2+.78B767E 01
2.,00000E-03 1.53334€ 06 -6,82757E 01
1.00000E-03 3,05367E 06 ~1,3R6S8E 02
5.00000E~04 6.06085E 06 -2.76458E 02
2.00000E-04 1.48475FE 07 ~6.79220F 02
1.00000E-04 2.8R072E 07 -1.30780E 03
5.00000E-05 5.45352E 07 -2+50960€ 03
2.00000E-05 1.18065E 08 ~5.40026E€ 03

F (UWsALPHA) X (PEAK)} Y (PEAK)
4,99991E-05 5.96561€-03 5.56886E 05
9.999%4F =05 G.965A1F-03 1:11177€ 06
1.999R0£=04 5.96561E-03 2.22353F 06
4499907E-04 5.496561E-03 5.56875E 06
3.99695E-04 S5.96560E-03 1.11173€ 07
1.99896E-03 5.96569E-03 24223358 07
4499507E-03 5.96559E~03 5455764 07
9.98359E=-03 5.96554€£-03 1.11128€ 08
1.99445E~02 5.96549€-03 2422157 08
4,97152E-02 S+96527E-03 5454652 08
9.90083E-02 5.96493£-03 1.10684E 09
1.,96509E-01 5.96425E-03 2+.20389E 09
4.R1397F=-0] 5,96223F=03 S.43712F 09
9.34008E-01 S.958B6E-03 1.06380E 190
1.7A818E 00 5.95237€-03 2.03734E 10
3.82800F 00 5.93415€-03 4449196E 10

FiGure 8.4.—Example of output from

F(UsALPHA3RHO)

FOR ALPHA= 1.,00000E-0S+
u INTEGRAL
9.99999900E-04 6.29273600E Q2
5¢00000000E~04 1.28359500E 03
1.99999900E~04 3.26376700E 03
1.00000000E=~04 6.55423000E 03
S+00000000E-05 1.30015800E 04
2+00000000E=05 3.116082500E 04
9.99999900E-06 5.79505700€E 04
4+99999900E-06 1.01023500E 05
1.99959900E-056 1.78237100E 0S5
1.00000000E=-06 2.30887600E 05
4.99999900E-07 2463222100 05
1.99999QQ00E-07 2.88201600E 05

program for drawdown inside a well of finite diameter due to constant discharge.

RHO= 2.00000E 00
INTEGRAL ERRO® F(UsALPHAWRHO)
5.45096700€E-01 3.20486300E-07
1.11649700E 00 6.,53728R0N0E-02
2.47402200€ 00 1,66222200€-01
3.31468400E 00 3.33803700E-01
3.53750700E 00 6.62164900E-01
3.54940500E 00 1.58743500E 00
3.54602200E 00 2.95139600E 00
3.53222000E 00 5.14508300E 00
3.62180400E 00 9.07753300E 00
3.66347000E 00 1.17595100E 01
3.68847000€ 00 1.,34067800F 01
3.52180300F 00 1.46779900F 01

FIGURE 8.5.—Example of output from program for drawdown outside a well of finite diameter due to constant discharge.
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Solution 9: Slug test for a
finite-diameter well in a nonleaky
aquifer

Assumptions:

1. A volume of water, V, is injected into, or
is discharged from, the well instan-
taneously at z=0.

2. Well is of finite diameter and fully pen-
etrates the aquifer.

3. Aquifer is not leaky, and flow is in ra-
dial direction only.

Differential equation:
0%h/0rt + (Ur) 8h/or = (SIT) dh/dt, r>r,

This differential equation describes
nonsteady radial flow in a homogeneous iso-
tropic aquifer beyond the radius of the injected
well.

Boundary and initial conditions:

hre,t)=H (), t>0 (1)

h(x,t)=0, t>0 (2)

9 Ot _ s OHW) g (3)
“ or S VA

h{r,0)=0, r>r, 4)

H(0) = H, = Vimr? (5)

Equation 1 states that the head change in
the aquifer at the face of the well is equal to

no exit loss at the well face. Equation 2 states
that the head change approaches zero as dis-
tance from the discharging well approaches in-
finity, a condition which will be approximated
if boundaries of the aquifer are sufficiently dis-
tant from the discharging well. Equation 3
states that near the well the radial flow is
equal to the rate of change in volume of water
inside the well. Equations 4 and 5 state that
initially the head change is zero in the aquifer,
and the head increase or decrease inside the
well is equal to H,.

Solution (Cooper and others, 1967):

h = Hym J,” (exp(—Bu*/a){ J(urir,)
'[UY"(U)- ,‘ZaY,(u) ] _Y(y(ur/ru')

Jud o) 2ed, ()]} /AW)) du, 6)

45

where a=ri, S/,
B = Tt/rtzv
and A = [udo(w)—2ad (u)]?

+ [uYO(u)—ZaY,(u)]z.

Jy,andY,, J,and Y, are zero-order and first-
order Bessel functions of the first and second
kind, respectively.

The head, H, inside the well, obtained by
substituting r =7, in equation (6) is

H/Hu = F(ﬁ»a),-

where

" v
F(B,0) = (801/77"’)[ (exp(—Bu*/a)ulu)) du
0

and where «, 8, A(u) are as defined previously.
Comments: Figure 9.1 is a cross section show-
ing geometric configuration along the well
bore. The volume of water injected into or dis-
charged from the well is nr}H,. The water-
level data in the injected well, expressed as a
fraction of H,, is plotted versus time on semi-
logarithmic graph paper. This plot is superim-
posed on figure 9.2, keeping the baselines the
same and sliding horizontally until a match or
interpolated fit is made. A match point for 8, ¢,
and o« is picked from the two graphs.

; B e
that inside the well; one assumes that there is ; Transmlsswmy is calculated frg_m ZT pre /_t and
: storage coefficient from S = ar?/r2 . As pointed

out by Cooper, Bredehoeft, and Papadopulos
(1967, p. 267), the determination of S by this
method has questionable reliability because of
the similar shape of the curves, whereas the
determination of T is not as sensitive to choos-
ing the correct curve. Figure 9.2 on plate 1 is
plotted from data in table 9.1, which contains
original material from two sources (Cooper and
others, 1967; and Papadopulos and others,
1973).

Table 9.2 is a listing of a FORTRAN program
by S. S. Papadopulos that evaluates F(8B,a).
Input to the program consists of cards coded in
a specific format (readers unfamiliar with
FORTRAN formats should refer to a FOR-
TRAN language manual). Input consists of two
or more cards, each containing a single value of
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Static level
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FicUre 9.1.—Cross section through a well in which a slug of water is suddenly injected.

a coded in format F16.5. The first & < 0 will
signal program termination. Qutput from the
program is shown in figure 9.3.

Solution 10: Constant discharge

from a fully penetrating well in an

aquifer that is anisotropic in the
horizontal plane

Assumptions:
1. Well discharges at a constant rate, Q.
2. Well is of infinitesimal diameter and
fully penetrates the aquifer.
3. Aquifer is anisotropic in the horizontal
plane.
Aquifer is not leaky.
The transmissivity of the aquifer, T, is
a two-dimensional symmetric tensor.

S

Differential equation:

T,, *s/dx* + 2T,,8%/3xdy + T,,0%/dy*
+ Q5(x)8 (y) = Sas/ot.
This differential equation describes

nonsteady flow in a homogeneous anisotropic
aquifer with a constantly discharging well at

x=y=0. The Dirac delta function is represented

as 8(z) and has the following properties: 8(z)=0
if z#0 andf_: 8(2)dz =1.

Boundary and initial conditions:

s(x,y,0)=0 n
s(xx,y,t)=0 (2)
s(x, +xt)=0 3)
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TaBLE 9.1.—Values of H/H,

From Cooper, Bredehoeft, and Papadopulos, 1967

Tur? a 10°* 102 10-2 10 ¢ 1073
1.00 0.9771 0.9920 0.9969 0.9985 0.9992
1073 2.15 .9658 .9876 .9949 .9974 .9985
4.64 .9490 .9807 9914 .9954 .9970
1.00 .9238 .9693 .9853 .9915 .9942
1072 2.15 .8860 9505 9744 .9841 .9883
4.64 .8293 9187 .9545 .9701 .9781
1.00 7460 .8655 9183 .9434 9572
10! 2.15 .6289 7782 .8538 .8935 .9167
4.64 .4782 .6436 .7436 .8031 .8410
1.00 3117 .4598 .5729 .6520 .7080
10° 2.15 .1665 .2597 .3543 .4364 .5038
4.64 07415 .1086 .1554 .2082 .2620
7.00 .04 %5 .06204 .08519 1161 .1521
1.00 03865 - oMo 04821 06355 .08378
1.40 ,.82092 g ey 0284 103492 04426
10! 2.156 .01297 014’ .01723 .0199
3.00 .009070 089 .OHAG .01083 01189 .
4.64 005711 00899 006111 006319 .006554
7.00 .003722 .003809 003384 .003962 .004046
1.00 002577 .002618 .002653 .002688 .002725
10* 2.15 .001179 .001187 .001194 .001201 .001208
From Papadopulos, Bredehoeft, and Cooper, 1973
Tr.? a 10* 107 107 10°° 107
1 0.9994 0.9996 0.9996 0.9997 0.9997
2 .9989 .9992. .9993 .9994 .9995
10-3 4 .9980 9985 .9987 .9989 .9991
6 9972 9978 .9982 .9984 .9986
8 .9964 9971 .9976 .9980 .9982
1 .9956 .9965 .9971 .9975 .9978
2 9919 .9934 .9944 9952 9958
1072 4 .9848 9875 .9894 .9908 .9919
6 .9782 .9819 .9846 .9866 .9881
8 9718 .9765 .9799 .9824 .9844
1 .9655 9712 .9753 .9784 .9807
2 .9361 .9459 .9532 .9587 .9631
10~ 4 .8828 .8995 .9122 .9220 .9298
6 .8345 .8569 .8741 .8875 .8984
8 .7901 .8173 .8383 .8550 .8686
1 .7489 .7801 .8045 .8240 .8401
2 .5800 6235 .6591 .6889 7139
3 .4554 .5033 .5442 5792 .6096
4 .3613 .4093 4517 .4891 .5222
10° 5 .2893 .3351 .3768 4146 .4487
6 2337 2759 3157 .3525 .3865
7 .1903 .2285 .2655 .3007 .3337
8 .1562 .1903 .2243 .2573 .2888
9 .1292 .1594 .1902 .2208 .2505
1 .1078 .1343 .1620 .1900 .2178
2 02720 .03343 .04129 .05071 .06149
3 .01286 .01448 01667 .01956 .02320
10! 4 .008337 .008898 .009637 .01062 .01190
5 .006209 .006470 .006789 .007192 .007709
6 .004961 .005111 .005283 .005487 .005735
8 .003547 .003617 .003691 .003773 .003863
1 002763 .002803 .002845 .002890 .002938
10* 2 .001313 .001322 .001330 .001339 .001348
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F(BETALALPHA) FOR ALPHA= 1,00D0=01
RETA H/HO
1.00D0-03 09769
2.000-03 0.9670
6.000=-03 09417
8B.000=03 069322
1.000=-02 0.9238
2.00D=02 0.8904
4,000-02 0eB421
60000-0? 008048
1.000=-01 07459
4,000-01 05065
6.000-01 0s4227
8.000=01 03598
1,000 00 03117
2.00D 00 0.1786
3.000 00 0.1196
4,000 00 0.0876
5.000 00 0.0681
6.000 00 040583
T.000 00 0.04A3
Ra000D 0O 0e 00396
S.0000 00 003406
1.000 01 0.0306
2,001 01 0s0141
3.000 01 0.0091
4.00N V1 0.0067
5.00N 01 00053
A D00 01 0.0044
7.000 01 Ne 0037
Be00H 01 0.0032
.00 01 00029
1,000 027 Ne0026
2,000 02 0.0013
4,000 027 0.0006
A, 000 07 De00N4
A,000 02 0.0003
1.00D 03 0.0003

FIGURE 9.3.—Example of output from program to compute
change in water level due to sudden injection of a slug of
water into a well.

Equation 1 states that, initially, drawdown
is zero. Equations 2 and 3 state that the draw-
down approaches zero as distance from the dis-
charging well approaches infinity, a condition
which will be approximated if boundaries of
the aquifer are sufficiently distant from the
discharging well.

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Solution (Papadopulos, 1965, p. 23):

s = (Q4nwVT . T,,~T3) Wu,,), 4)
where
x
Wu) =f (e~*/v) dv
u
and
= (S/4t(T ,,y* + T, x*
= 2T 1 xy)(T,; Ty, — T3). (5)

If the coordinate axes x and y are the same as
the principal axes € and 7 (fig. 10.1) of the
transmissivity tensor, the preceding equation
for drawdown becomes

=(Q/AnV T, T,, ) Wu,),
where
Uen

= (S/4t)(Tee n* + T,, T, Ty .

Comments: The method of type-curve solution
as outlined by Papadopulos (1965, p. 26) re-
quires observation of drawdown in at least
three observation wells. First, choose a conve-
nient rectangular coordinate system with the
pumped well at the origin. Then, plot the ob-
served drawdown versus ¢t on logarithmic
paper. Match these plots to the W(u) type curve
given in solution 1. Choose a match point of
(t,s) and (1/u,,, W(u,,)) for each well and com-
pute T..T,,-T% = (@W(u,,)/4ws)? for each
well. Match points for all observation wells
should yield approximately the same value of
(T,+T,,—T2). Usually they will not and
judgment must be used to obtain an “average”
value. Substituting this value and the three
values of (x,y) in equation 5 gives three equa-
tions in three unknowns ST, ST,,, and ST _,,.
These equations are of the form

y¥S8T,,) + x*8ST,,) — 2xy(ST;,)

= 4tu,,(T,.T,, - Tz, ).

Solve these three equations to determine T',,,
T.,, and T,, in terms of S, and S may be de-
termined from
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F1GURE 10.1.—Plan view

S = \/(STIISTW, - (STI")Z)/(T.)-;Tyy - T.xgy)
Then, compute T,,, T,,, and T,, from ST,_,
ST,,, and ST,,. T, , T,, , and O (the angle
between the x and the € axis) may be calculated
from the relations (Papadopulos, 1965, p. 28)

T = V2T, + Tyt (Tpe — Ty)
+ 4T 2)')
T'm = 1/2(7"”- + Tm/ ‘((T.r.r - Tuu)2
+ 4T 2%
© = arctan ((Tee - T.r.r)/T.z‘y)'

showing coordinate axes.

Solution 11: Variable discharge
from a fully penetrating well in a
leaky aquifer

Assumptions:
1. Well discharge changes as a specified
function of time.
2. Well is of infinitesimal diameter and
fully penetrates the aquifer.
3. Aquifer is overlain, or underlain,
everywhere by a confining bed hav-

ing uniform hydraulic conductivity
(K') and thickness (b').
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4. Confining bed is overlain, or underlain,
by an infinite constanthead plane
source.

5. Hydraulic gradient across confining bed
changes instantaneously with a
change in head in the aquifer (no re-
lease of water from storage in the
confining bed).

6. Flow in the aquifer is two-dimensional
and radial in the horizontal plane
and flow in the confining bed is verti-
cal. This assumption will be approx-
imated closely where the hydraulic
conductivity of the aquifer is suffi-
ciently greater than that of the con-

fining bed.

Differential equation:
s  10s sK' _ S s
ort  ror Tb T ot

This is the differential equation describing
nonsteady radial flow in a homogeneous iso-
tropic aquifer with leakage proportional to
drawdown.

Dovindar: and initral nnnd;h'nn .
DOUNGGArY GRG intelle CONALLLONS.

s(r,0)=0 (1)
s(»,6)=0 (2)

s _ Q(l) > 3
,-ll_r.nordr 277T’t>0 )

Equation 1 states that, initially, drawdown
is zero. Equation 2 states that drawdown is
zero at large distances from the pumped well.
Equation 3 states that near the pumped well
the radial flow is equal to the discharge of the
pumped well, which is a function of time.

Solution:

Solutions for certain discharge functions
have been published by Abu-Zied and Scott
(1963), and Werner (1946) for a nonleaky
aquifer, and by Hantush (1964a) for both leaky
and nonleaky aquifers. For arbitrary discharge
functions for leaky aquifers, a solution using
the convolution integral has been presented by
Moench (1971, eq. 3):

t
s = (1/47rT)j (@U)H(t—t")
0

-exp (—A/(t—t') — (t—t)K'ISb')dt’, (4)

where Q(t) is the discharge function of time
and A = r2S/4T. A numerical integration
scheme is generally necessary to evaluate the
above equation.

For type curves, a more useful form of equa-
tion 4 is

s = (Q,/4nTzf [QUYQ, (t—t")]
0
.exp [~ANt—t)—(—t"K'ISb']dt', (5)

or

s = (Q,/47T) SO(), (6)

where SO(¢), read “system output function,”
represents the integral expression in equation
5, and @, is an arbitrary discharge that elimi-
nates dimension from the integral expression.
For example, @, could be the initial, final, or
average discharge, according to the needs of
the user.

Comments: Figure 11.1 is a cross section
through the discharging well. This situation is
the same as for solution 4, except for the vary-
ing discharge of the well. The effect of finite
well radius (r,) was investigated by Hantush
(1964b, p. 4224), who concluded that for
t>25r2S/T and r,/VTb'/K' < 0.1 the draw-
down could be represented closely by the con-
volution integral.

Figure 11.2 on plate 1 shows a selected set of
type curves for linear change in discharge in a
nonleaky aquifer. The solution for this type of
discharge function has been presented by
Werner (1946, p. 706). The discharge function
for figure 12.2 is Q(¢t)=@Q,(1 +ct), and the re-
sulting drawdown is

s = (Qu/M4nT)W(w) {1+ct[u+l-eYWw)]},

where W(u) is the well function of Theis. Sub-
stituting A/u for ¢ in the above expression gives

A(L+cA{1+Qm) [1-eWw]}),
or

s = (Q,/47T) SO®),
where SO(t) represents

W) (1+cA {1+(/u) [1-e W(w)]}).
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FiGURE 11.1.—Cross section through a well with variable discharge.

This substitution permits the plotting of a
family of type curves, each curve specified by a
value of cA.

Table 11.1 is the listing of a FORTRAN pro-
gram designed to evaluate the above convolu-
tion integral for five different discharge func-
tions. Three of these discharge functions are
those devised by Hantush (1964a, p. 343, 344),
who presented solutions for drawdown result-
ing from these functions. These three discharge
functions are:

(a) Q(t)=Q,[1+86 exp (—#/t*)],
b) Q(t)=Q,[1+8/(1+t/t*)],

and (0 Q)=Q,[1+8/V1+tit+],

where @, is the ultimate steady discharge and §
and t* are parameters defining a particular
function. The first discharge function, for an
exponentially decreasing discharge (case “a” of
Hantush, 1964a) is virtually the same as the
discharge function of Abu-Zied and Scott
(1963). Besides the three functions of Hantush,
the program also includes discharge as a fifth-

5
degree polynomial of time, @ (¢)= X a;¢t' where
=0
the a, are the coefficients of the polynomial,
and as a piecewise linear function of time with
eight segments,

Qt)=a; +b;(t—t;_;)

for

oa<t<st,j=1,2 ...,8,

where @¢; and b; are parameters defining the j
line segment. The program uses a different, but
equivalent to equation 4, expression for the
convolution integral

s = (1/47rT3[ (Qt—t"t")
0

-exp (—A/t'-¢t'K'/Sb’) dt’.

The program uses a sum to approximate the
convolution integral. It chooses a starting
value of t' that satisfies r:S/4Tt" +K't'/Sb’ =
100. If such a value of ¢’ does not exist, that is,
(r’8/4T) (K'/Sb')>2500, then a value of zero is
assigned for the integral value. The ending
point of the interval is picked as 10 times the




52

starting point. The integral over this interval

i1s approximated by a trapezoidal sum using’

500 subdivisions of the interval. A new inter-
val is then constructed using the previous end
point as a new starting point and a new ending
point equal to 10 times the new starting point.
This new interval is again evaluated by a
trapezoidal sum of 500 segments. This summa-
tion procedure over intervals that are succes-
sively an order of magnitude larger continues
until either t'=¢ or (r:S/4Tt’) + (K't/ISb’)
>101. Input to this program consists of cards
coded in specific formats. Readers unfamiliar
with FORTRAN formats should refer to a
FORTRAN language manual. Input consists of
one or more groups of data, each group consist-
ing of the following. First, one card containing
the beginning time of the period of analysis in
columns 1-10, coded in format E10.3; the end-
ing time coded in columns 1311-20, in format
E10.3; and a discharge index (a number from 1
through 5) coded in column 25, in format 11;
and a reference discharge, QR, coded in col-
umns 31-40, in format E10.3. The discharge
index, 1Q, selects a discharge function, @(2), in
the following manner. If /IQ =1, the discharge
function is exponentially decreasing,

QW) =Q,[1+8exp(—¢/t*)].

This is case (a) of Hantush (1964a, p. 343). If
1Q =2, the discharge function is hyperbolically
decreasing,

QW) =Q,[1+8/1+4t*)].

This is case (b) of Hantush (1964a, p. 344). If
1Q =3, the discharge function is the same as
case (c) of Hantush (1964a, p. 344),

QU=Q,[1+&/VT+dtF ).

If IQ =4, the discharge function is a fifth-
degree polynomial of time,

S5
Q)= 3 at'.

1=0

If1Q =5, the discharge function is a piecewise-
linear function of time with eight or less seg-
ments,

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Q(t)=a,+b,(t—t,-,)
for boa<t<t,j=12,....,8.
The reference discharge, QR, is used to deter-
mine the form of the output from the program:
If @R is coded as zero (or blank), the output
shows ¢, s (as defined by eq. 4), and Q). If a
value greater than zero is coded for QR, the
output shows 1/u, SO(t) (as defined by eq. 6),
and Q(¢t)/QR.

Second, there are one or more cards contain-
ing parameters of the discharge function. If
1@ =1, 2, or 3, then it consists of one card con-
taining: @ST, the ultimate steady discharge,
coded in columns 1-10, in format E10.3; DE-
LTA, a rate parameter, coded in columns
11-20, in format E10.3; TSTAR, a time param-
eter, coded in columns 21-30, in format E10.3.
If IQ =4, it is one card containing the six
polynomial coefficients. They are coded in the
order a,, a,, ..., @, in columns 1-10; 11-20,
..., 51-60 all in format E10.3. If I =5, then
the program requires four cards, each card con-
taining ¢;, a;, bj, ¢.1, a;.1, b;..; the four cards
representing j=1, 3, 5, 7. The last part of each
set of data consists of two or more cards con-
taining coded values for: distance from pumped
well, in columns 1-10; storage coefficient, in
columns 11-20; transmissivity, in columns
21-30; and ratio of hydraulic conductivity to
thickness for the confining bed, in columns
31-40, all in format E10.3. A blank card is
used to signal the end of each set of data. Out-
put from this program is shown in figure 11.3.
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Rea28S/(4%#TRANS)= 1.,000E-04y K*/(S®#B?)= 2,500E 03y QR= 1.257E 05
1/U 17Uu#10#s ¢ 17ys10e® ) 1/7us#10#2 2 1/us10%# 3
SO(T) Q(T)/QR SO(T) Q(T)/QR S0(T) Q(T)/QR SO(M Q(T)/QR
1.0 0.185 1,000€ 00 6.819 1.000€ 00 0.842 1.000E 00 0.842 1.000E 00
15 0317 1,000 00 0.837 1.000E 0O 0.842 1.,000E 00 0.842 1.000E 00
2.0 04421 1.000E 00 0.841 1.000E 00 0.842 1.000E 00 0842 1.000E 00
3.0 0,566 1.000€ 00 0.842 1.,000E 00 0.842 1.000E 00 0.842 1.000E 00
Se.0 0715 1.000E 00 0.842 1,000 00 0.842 1.,000E 00 0.842 1,000E 00
7.0 0.780 1.000€E 00 0.842 1.000E 00 0.842 1.000€ 00 0.842 1.000E 00
R#a#24S/(43TRANS)= 1,000E-049 K'/(S®*Bt)= 2,500E 01y QR= 1,257€E 0S5
170 l7us)0es o 17U#10#% } l7uslo## 2 l7yslo#s 3
SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T) /AR SO Q(T) /@R
1.0 0.219 1.000E 00 1.805 1.000E 0O 3.815 1.000E 00 4829 1.000E 00
1.5 0397 1.000E 00 24167 1.000E QO 4,111 1.000E 00 4,849 1,000E 00
2.0 0.558 1.000E 00 2,427 1.000E 00 4,296 1.000E 00 4.853 1.000E 00
3.0 0.826 1.000E 00 2.793 1.000E 00 4.515 1.000E 00 44854 1.000E 00
5.0 1216 1.000E 00 3.244 1.000E 00 4,708 1.000E 00 4.854 1.000E 00
7.0 14495 1.000E 00 3,530 1.000E 00 4,785 1.000E voO 44854 1.000E 00
(Re#28S/(4#TRANS)= 1.000E-04, K'/(S#BY)= 2,500E-01, QAR= 1.257E 05
17U 17u#10%% 0 1/7U#]10es ) l7u#]l0#+ 2 l/u=l0#+# 3
SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR
1.0 0.219 1.000E 00 1.823 1.000E 00 4,036 1.000E 00 6307 1.000E 00
1.5 0398 1.000€ 00 2.196 1.000E 00 4,437 1.000E 00 6,700 1.000E QO
2e0 0560 1.000E 00 2.468 1.000E 00 44721 1.000E 00 6975 1.000E 00
3.0 0.829 1.,000E 00 2.857 1.000E Q0 56123 1.000E 00 7356 1.,000E 00
S.0 14223 1.000E 00 3,354 1.000E 00O 54627 1.000E 00 7.820 1.,000E 00
7.0 1507 1.000E 00 3.684 1.000E 00 5.958 1,000E 00 8.110 1.000E 00
Re##28S/(42TRANS)= 1,000E-04y Kt/ (S®#BY)= 2,500F=-03s QR= 1,257€ 05
17V 17us10%+ 0 17U=10¢% ] 17U#10e% 2 1/7yelo#e 3
SO(T) Q(T)/QR SO(T) Q(TI/7AR SO(T) Q(T)/QR SO(T) Q(T) /@R
1.0 0.219 1.000E 00 1.823 1.000€E 00 4,038 1.000E 00 6332 1.000E 00
1.5 0398 1.000E 00 2.197 1.000E 00 44440 1.000E 00 64737 1.000E 00
2.0 0.560 1.000E 00 2.468 1.000E 00 4,726 1.,000E 00 7.024 1.000E 00
3.0 0829 1.000E 00 2.857 1.000E 00 Se«130 1.000E 00 74429 1.,000E 00
5¢0 1.223 1.000E 00 3.355 1.000E 00 S«639 1.000E 00 7939 1.000€E 00
7.0 1.507 1.000E 00 3.686 1.000E 00 5.975 1.000E 00 8.275 1.000E 00

FIGURE 11.3.—Example of output from program to compute the convolution integral for a leaky aquifer.
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TABLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer

AR AR AR AR AR RARAARAR A NANRARARRRANR AN RN R AR AN NRNRNRRARAR A AR NP PN

PURPOSE

PPN
RPN

TO CUMPUTE TYPE CURVE FUNCTION VALUES FOR PARTIAL PENETRATION PPN
IN A NONLEAKY AQUIFER USING EQUATIONS { AND 9A OF HANTUSH,M,8,,PPN
1961 ,DRAWDOWN ARQUND A PARTIALLY PENETRATING wELLY HYDRAULIC PPN

DIV, JUUR,, AM, 80C, CIVIL ENGINEERS PROC,,

INPUT DATA

1 CARD = FORMAY (3FS,1,I5,2E10,4)

B » AQUIFER THICKNESS

L =» DEPTH, BELDwW TOP OF AQUIFER,

wWELL SCREEN

D =« DEPTH, -BELOW TOP OF AJUIFER,

SCREEN

P, 8398, PPN
PPN
PPN
PPN

TO BOTTOM UF PUMPING PPN

PPN

Y0 TOP OF PUMPING wWELL PPN

PPN

NUM.® NUMHER OF (OBSERVATION WELLS OR PIEZOMETERS TIMES PPN

NUMBER OF VALUES OF KZ/KR,

PPN

SMALL = SMALLEST VALUE OF {/U FOR wHICH COMPUTATION I8 PPN

DESIRED

PPN

LARGE e LARGEST VALUE OF §/U FOR wHICH COMPUTATIUN I8 PPN

DESIRED

NUM CARDS (ONE FOR EACH UBS, wELL OR PIEZOMETER AND FOR EACH {F]

PEN

VALUE OF RASQRT(KZ/KR), ®» FORMAT (3FS,1) PPN
R e RADIAL DISTANCE FROM PUMPED WELL TIMES BQGRT(KZ/KR), PPN

LPRIME = DEPTH, BELOW TOUP OF AQUIFER,

TO BUTTOM OF uBg, PPN

WELL SCREEN (ZERD FOR PIEZUMETER) PPN

DPRIME @ DEPTH, BELOW TOP DOF AGUIFER, TO TOP OF 0OBS, wELL PPN

SCREEN (TOTAL DEPTH FOR PlEZUMETER) PPN
SUBROUTINES AND FUNCTION SUBPROGRAMS REGQUIRED PPN
DOLL2,)SERIES,BEIK,FCT)LyF,EXPL ::N

N
ttttttlitiitQtttﬁt.ﬁi!nititttttttttitttﬁttitittﬁtt't.!tttt'*ttﬁtt*PPN
REAL#8 U PPN
REAL®4 L,)LB,LPB, PRIME,LARGE PPN
DIMENSION ARRAY(13,12), 1ARG(12), ARG(33), A(12), C(12) PPN
DATA ARG/ 451,208 e¢512002450340305184+5400,070084094/ PPN
DATA A/12%) Nut/,C/12x110nanty PPN
IRDES PPN
IPTRS PPN
READ (IRD,6) ByL,DyNUM,SMALL,LARGE PPN
LesL/8 PPN
oesd/B8 PPN
IBEGINSALUGLO(SMALL) PPN
IENDEALOGLIOCLARGE) *, PPN
JLIMITSIENDeIBEGIN PPN
IF (JLIMIT,GT,12) JLIMITE}2 PPN
DO S Ksi,NUM PPN
READ (IRD,6) R,LPRIME,DPRIME PPN
RBAR/B PPN
LPBSLPRIME/B PPN
DPBSDPRINME/B PPN
DO 1 Is1,13 PPN
ARGIEARG(]) PPN
DO ! Jmi,JLIMIT PPN
IARG(J)SIBEGIN®Jo] PPN
YRARGIs {0, 2% (JREGINeJw]) PPN
usi,/sy PPN
Xsy PPN
CALL EXPI(X,Wu,DUMMY) PPN
ARRAY(I,J)snuUeF(U,RB,L8,08,LP8,0PB) PPN
IF (LPBe0,) 2,2,3 PPN
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS
TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

WRITE (IPT,7) DOPB,RB,LB,08

GO T0 &

WRITE (IPT,8) LPB,DPB,RB,LB,DB

WRITE (IPT,9) (A(1),CCI),IARG(I),Im),JLIMIT)
PO S 1m1,13

WRITE (IPT,10) ARG(I),(ARRAY(I,J),Jmy,JLIMIT)
CONTINUE

8$TOP

FORMAT (3FS,1,15,2610,4)
FORMAT ('1!','w(u)eF(U,R/8,L/8,0/8,2/B)y 2/BB?,FS5,29'y SGURT(RI/KR)%

1R/B."’5.2"' L/Bl',FS.E." D/B.'lFsoal'l U'l/N"

PPN
PPN
PPN
PPN
PPN
PPN
PPN
PPN
PPN
PPN
PPN
PPN
PPN

8 FURMAT ('1','w(U)eF(U,R/8,L/B,0/B,L''/B,D''/B), L'!1/B8!,FS,2,t, D'PPN

9

FORMAT (107,2x,'NY,1X,12(2A4,12))

10 FORMAT ((! !',Fa,1,12(F9,4,1X)))

END

REAL FUNCTIOUN Fed(U,RB,LB,08,LPB,0P8)
AAARARARNRRANRRAARRRRRANANRARN AN RRANRRANRAR AN R RRANANRNNANARRANAANAN AN

FUNCTION F

PURPOSE
TO CUMPUTE DEPARTURES FROM THEIS CURVE CAUSED BY PARTIAL
PENETRATION OF PUMPED wELL,

USAGE

Eri;i DL 12 A | B MDA
T AW P W mWPUUpLrwws vy

DESCRIPTIUN OF PARAMETERS
ALL REAL, U DOUBLE PRECISION
U » Raa248/4aTATIME (RADJAL OISTANCE SQUARED » 8TORAGE
COEFFICIENY 7/ 4wTRANSMISSIVITY & TIME
RB » R/B ( RADIAL DISTANCE / AQUIFER THICKNESS )
LB @ L/B ( FRACTION OF AQUIFER PENETRATED BY PUMPED wELL)
08 = D/B ( FRACTION OF AQUIFER ABOVE PUMPED wELL SCREEN)
LPB = L1/B (FRACTION OF AQUIFER PENETRATED BY 0OBS, WELL, ZERO
FOR PIEZUMETER)
OPB = D'/8 (FRACTIUN OF AQUIFER ABOVE 0BS, WELL SCREEN, TUTAL
DEPTH FOR PIEZOMETER)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
DGL12/,SERIES,BEIK,FCT,L
ME THOOD
SUMS THE SERIES THROUGH N#PI#R/8B EQ 20

AR AR RO AN RN R AR RN R A AR AN R R A AR R R R AN R AR AR AN IR AN A RNANNRRRAA N AR AN NS
REAL*8 U,V

REAL®4 L,N,LB,LPB

SUME0,

N80,

PIRBS3, 141593«R8
PILBB3,141593+L8

PI10OBa3, 141593408

IF (LPBe0,) 1,1,d

CHECKS FOR wELL OR PIEZOMETER
PIZBr3,141593+DPB

NaN+{,

VeRN®RPlRB/2,

IF (vy6T,10,) GO TO 3
TRUNCATES SERIES WHEN VD10
xalL{Upv)/N

11/881,F5,2,!', SQRT(KZ/KR)aR/BS!,F3,2,', L/Ba!',F5,2,', D/Bs!,FS5,2,'PPN
2, US{/N!')

PPN
PPN

L R A L
VOO NLE G OODDNO NS W —

NV
NEWiVe— O

W NN NN
—_0 vV D®No

W
w A

(VR RV RV
~ OV E

8 £ £ W
Ne—-Oo O
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TYPE CURVES FOR FLLOW TO WELLS IN CONFINED AQUIFERS
TABLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

SUMESUMS (SIN(NAPILB)=SIN(NAPIDB) ) «COS(NAPI2B) nX
GO Y0 2

Fe,6366198a5uM/(LB=DB)

6N 10 7

PILPB33,141593%_ P8

PIDPBE3,141593*DPB

NN+

VBN*PIRB/2,

IF (Vo6GT,10,) GO TO 6

TRUNCATES SERJES WMEN VD10

XzL(Up,V)I/N

SUMEBSUMS (SIN(NAPILB)®SININRPIDB) IA(SININWNPILPB)wSIN(NPJOPB) JuX/N
GO TO S

Fa,2026424#8UM/ ((LBeDB)*(LPB=DPB))

RETURN

END

REAL FUNCTION Lwd(U,V)
MR ARRRRERAN AN AR AN AR R AR AAAR AR AN A RRARANRRANANATARENARANARAT RN RN RS

FUNCTION

PURPOSE
TO CUMPUTE THE INTEGRAL( EXP(=Yevang/Y)/Y) SUMMED OQVER Y FROM
U TO INFINITY(WELL FUNCTION FOR LEAKY AQUIFERS),
DESCRIPTIUN (OF PARAMETERS
BOTH DOUBLE PRECISION
U @ Raea2aS/daTaTIME (RADIAL DISTANCE SQUARED x STORAGE
COEFFICIENT / 4«TRANSMISSIVITY » TIME
V o R/2%SORT(K!/(T#B8!))weONE=HALF RADIAL DISTANCE#SQUARE RUOT
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYATHICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
DOLIE,SERIES,BESK,FCT
METHOD
IN THE FULLOWING FaEXP(aYevan2/Y)/Y

(1) UdsY, USES A GAUSSIANLAGUERRE QUADRATURE FORMULA TO
EVALUATE INTEGRAL(F) FROM U TO INF,

(2) va*a2<u<y, USES THE Gml QUADRATURE TO EVALUATE INTEGRAL(F)
FROM ONE YO INF AND A SERIES EXPANSION Tu EVALUATE INTEGRAL(F)
FROM U TO ONE,

(3) U<, uCevaxd, USES THE REPRESENTATION INTEGRAL(F) FROM U
TO INF, & 2aK0(2#V)INTEGRAL(F) FROM Vear2/U TO INF,

EVALUATES THME ZERQ ORDER MODIFIED BESSEL FUNCTION UF SECOND
KIND WITH 1BM SUBROUTINE, EVALUATES INTEGRAL BY Gel QUAD,

RRRRANRNAANN N RN RRAANANANNRRRARRARRANARRNARRANRNARAINARNANAANERNAR AR N AR
EXTERNAL FCT

REAL»8 U'V'Z'FOVVpSERIEs

COMMON /C1/ Vv,2

vvay

IF (U'l.) ‘02'2

CHECKS IF u<y

Zsvev/y

IF (Z=1,) 3,4,4

CHECKS IF vaw2/y < |

lzU

CALL DQL12(FCT,F)

LafF

INTEGRAL U TO INF, EVALUATED BY GAUSS=LAGUERRE QUADRATURE
GO 70 S

%4,

O N T O TSN rrrrrrrrerr MM AT MR RN IR M

59

43
44
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46
47
48
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TabLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

CALL DGLI2(FCT,F)
LeF+SERIES(U,V)

INTEGRAL { TO INF,

GO T0 S
TwiveR vV

CALL BESK{TWOV,0,8K,1ER)

CALL DOLI2(FCT,F)
Le2 vBKeF

2KOL2VIINTEGRAL Vvax2/U TO INF,

RETURN
END

REAL FUNCTION SERJES#8(U,V)

BY GeL QUAD,s INTEGRAL U YO { BY SERIES Exp,

s rerrTr

SER

AARNARN AR AAANR RN RN AR R R AN R AR AR N AR AR NRNARANNRERANRARA NNkt JER

FUNCTION SERIES

PURPOSE

TO EVALUATE 8(1)=8(V),

NONE
ME THOD

SUMMATION 18 TERMINATED FOR THE INNER SERIES WHEN A TERM
BECUMES LESS THAN S, Ee7/N AND FOR QUTER SERIES wWHEN A TERM
BECOMES LESS THAN S5, ,Ee7

WHERE 3 18 A SERIEY EXPANSION OF
INTEGRAL(EXP(eYovaa2/Y)DY/Y) GIVEN BYs Ss SUM,
(F(M)®SUM, N80 TO INF,,(Van(R2aN)/((NJIw(MeN)])) WHERE F(M)s
LOG(U) IF M80 AND & ((w{)eaM/M)a(UneMu(Vre/UlxeM) IF MDQ,

DESCRIPTION OF PARAMETERS
80TH DOUBLE PRECISION
U v Ran2#8/4aTeTIME (RADIAL DISTANCE SQUARED w» STORAGE

COEFFICIENTY / 4aTRANSMISSIVITY = TIME
V @ R/2#3QRT(K!/(TuB)))ewONEwHALF RADIAL OISTANCE#SGUARE ROOY
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYXTHICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION SUBPRNGRAMS BEQ)

SER
SER
SER
SER
SER

M80 TO INFINITY,SER

SER
SER
SER
SER
SER
SER
SER
SER
SER
kR
SER
SER
SER
SER
SER
SER

ARRAAAN AN AR R AN RN AN A ARAN KRR R AN AR R AR R AR ANRARRAARANANA RO ANt avnanSER

REAL*8 DLUG,DABS,8(2),VUM,UV
REAL®8 TEST,U,UM,EM,EN,BUM]I,SUM,SICN,V, V85, VEQU,RMUL, TERM, TERM]

TESTaS,0=07
VSURY#HY
vusy

DO 6 I=i,2

EVALUATES SERIES FOR LOWER LIMIT & U AND UPPER LIMIT = |

IF (1,6G,2) Usy,
umMey,

EMB=y,

Sumiaso,

SIGNms}y,

vuMs |,
vSulUsv8Q/uU
EMBEMe],

IF (ENwqy1) 2,3,3
CHECKS FOR Mm@
RMULEDLOG(Y)
TERM{a},

60 T0 &

UuMsUMny

IF (VUM,LT,1,0=30) vUMSO,

VUMBVUMSVEQU
RMULE (UMeVUM) /EM
TERMIBTERMI/EM

SER
8ER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
8ER
SER
8ER
SER
8ER
SER
SER
8ER
8ER

46
47
48
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s}
S4
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TAaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

SIGNaeSIGN SER
SUMBTERM] SER
TERMuTERM] SER
ENSO, 8ER
ENSENe], S8ER
TERMBTERN#VSQ/ (EN~(ENSEM)) SER
SUMaGUM¢ TERM SER
IF (TEST,LE.DABS(RMUL*ENSTERM)) GU T0 S SER
TRUNCATES INNER SERIES [F OUTER TERMaN®INNER TERM € S,Ee? SER
SUMIaSUMI+SIGN®RMUL #3UM S8ER
IF (EM,LT,,1) GO YO | SER
IF (TEST,LE,DABS(RMUL*BUM)) GO TO | SER
TRUNCATES OUTER SERIES IF OQUTER TERM&INNER $UM < S Ee7 SER
S(l)ugumy SER
usuuy SER
SERIES=S(2)=8(1) 8€ER
RETURN SER
END SER
REAL FUNCTION FCT#B(X) FCT
ttﬁtttit*ttﬁitQ=ttitttttﬂittl-tQtttttﬁttttttt.*itﬁ.tmtntﬂtti*ﬂtQntittﬁ-ﬂgl
FET

FUNCTION FCTY Fot
FCTY

PURPOSE FCY
TO COMPUTE FCT(X)BEXP(mZovaw2/(X4Z))/2(X¢2) FCY
DESCRIPTION OF PARAMETERS FCT
X o THE DOUBLE PRECISION VALUE OQF x FOR WMICH FCT IS CUMPUTED FCT
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FCTY
NONE FCY

ME THOD FcT
FORTRAN EVALUATIQN OF FUNCTION FCY
FCT
ttiitataittﬁﬁttttﬁttthittﬁiit*tttﬁttﬁttti'ﬁtittli.tttttttittttttttFC7
REAL#8 X,v,2,P,DEXP FCTY
comMuN /C17 v, 2 FCT
IF (X) 1,2, FCT
FCT=o, FCT
G0 Tu 4 fFCT
PsZevand/(X+2) FCT
IF (9'5001) 303'1 FCT
FCTRDEXP(eP)/(X+2) fFCT
RE TURN FCcT
END FC?T
SUHROUTINE DELI2(CFCT,Y) oLte
DLi2
.0.0l'Ol"0'0..000...'00000.0'll.00.0000.0..0.'.0..00'!.'..‘.l.t'IDLla
OLie

SUBROUTINE DgL12 oL12
oL

PURPUSE oL1e

TJ COMPUTE INTEGRAL(EXP(eX)*FCT(X), SUMMED OVER X DLi2
FROM 0 TQO INFINITY), OLte
oLt

USAGE bL1e
CALL BGL12 (FCT,Y) oLt
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT DLt

OLie

DESCRIPTION UF PARAMETERS oLt
FCT = THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DOLt2
SUBPROGRAM ySED, oL12
Y » THE REBULTING DOUBLE PRECISION INTEGRAL VALUE, oLt

61
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

OLse

REMARKS bL12
NONE DL12

DL12

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED bL12
THE EXTERNAL OQUBLE PRECISION FUNCTION SUBPROGRAM FCT(X) OLi2

MUST BE FURNISHED BY THE USER, oLy

OLse

METHUD oLy2
EVALUATION 18 DUNE BY MEANS OF 12ePOINT GAUSSIANeLAGUERRE  DL12
GUADRATURE FORMULA, wHICH INTEGRATES EXACTLY, DLy
WHENEVER FCT(x) IS A POLYNOMIAL UP TO DEGREE 23, DL 2

FOR REFERENCE, SEE OLt2
SHAD/CHEN/FRANK, TABLES OF ZEROS AND GAUSSIAN WEIGWTS OF DLi2
CERTAIN ASSOCIATED LAGUERRE POLYNOMIALS AND THE RELATED oL12
GENERALJZED HERMITE POLYNOMIALS, 18M TECHNICAL REPORY DLi2
TROO,1300 (MARCH 1964), PP,24e28%, ' bpie

pL12
...'...'.0..."'.l'...'..'..'...."..l.'.l.........l".'.‘.'...'..DLIZ
bL12

DLY2

DL12

DOUBLE PRECISIUN X,Y,FCY oLt2
OL12

X8,37099121004446692 D2 OL12
Y2,8148077467u2624 DeiSHFCT(X) DL12
X®,284B8796725098400 DR bL12
Y3Y+,3063601635035021 DeiinfFCT(X) DL12
X®,221510%037939701 02 bL12
YSY+,1342391030515004 De=B#FCT(X) pLi2
XB,1711685518746226 D2 bLie
YaY¢,1668493876540910 De6=FCT(X) OL12
X®,1300605499330635 D2 DLi2
YeY+,836505585681980 DeS2FCT(X) DLt
X=3,962131684205687 D} DL12
YaY+,2032315926629994 De3wFCT(X) OL12
X®,6844525453115177 0t OL12
Yave,2663973541865316 D=2#FCT(X) D12
Xxm,4599227639418348 DI OL12
Yay+,203023811S463410 DmiaFCT(X) DLt
X2,2833751337743507 01 L2
YRY$,904492222116809 DwiaFCT(X) bLi2
X8,15126102697%6419 D} DL1i2
YuYe ,23440820113198776 DOAFCT(X) DLie
X8,6117574845151307 DO (V& ¥
YaY+,37775927%8731380 DO#FCT(X) OLY2
X3,1157221173580207 00 bL12
YBY+,2647313710554432 DOFCT(X) DL12
RE TURN bL12
END L2
SUBROUTINE BESK(X,N,8K,lER) BESK
BESK
l.il.ll..’.l"...l.l.l.Ool'OOOQ.OUCOOOIOOQIOQOOQIOI'...ll......ol.ggg:
SUBRUUTINE BESK 8ESK
BESK

CUMPUTE THE K BESSEL FUNCTIUN FDR A GIVEN ARGUMENT AND oansaggsx

9K

USAGE BESK

CALL BESK(X,N,BK,JER) BESK

180
190
200
210
eel
230
240
250
260
270
280
290
300
310
320
330



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 63

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

DESCRIPTION (OF PARAMETERS
X eTHE ARGUMENT OF THE K BESSEL FUNCTION DESIRED
N eTHE ORDER OF THE K BESSEL FUNCTION DESIRED
BXK oTHE RESULTANT K BESSEL FUNCTION
IEReRESULTANT ERROR CODE WHERE
[ERaQ) NO ERROR
IER®Y N 18 NEGATIVE
IERB2 x 13 ZERO OR NEGATIVE
IER®3 X ,GT, 170, MACHINE RANGE EXCEEDED
lERx4 BKX ,GT, 102270

REMARKS
N MUST BE GREATER THAN OR EQUAL TO ZERO

SUHROUTINES AND FUNCTIUN SUBPROGRAMS REQUIRED
NONE

METHOD
CUMPUTES ZERD ORDER AND FIRST ORDER BESSEL FUNCTIONS USING
SERIES APPROXIMATIONS AND THEN COMPUTES N TH ORDER FUNCTION
USING RECURRENCE RELATION,
RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIGUE
A3 DESCRIBED BY A, J,M HITCHCOCK, 'POLYNOMIAL APPROXIMATIONS
TO BESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TU RELATED
FUNCTIONS" M.T.A.C.. V.ll.19$7.PP,66-88. AND GeNg WATSON,
'A TREATISE ON THE THEQRY (QF BESSEL FUNCTIONS!, CAMBRIOGE
UNIVERSITY PRESS, 1958, P, 62

...'.'.......'.......'.'.'.....Q'......."...'.."'.'......‘......BES“ 390

BESK 400

ODIMENSION T(12) BESK 40

k=, 0 BESK 430
IFI(NILO 11,11 BESK 440

10 IERs| BESK 450
RETURN " BESK 460

11 IF(X)12,12,20 BESK 470

12 1ER=Q BESK 480
RETURN BESK 4990

20 IF(Xe3$70,0)22,22,2! BESK S00

21 lERs=] BESK 510

RE TURN BESK S20

22 lER=Q BESK 530
IF(Xmy,)36,36,25 BESK S40

25 AsSEXP(wX) BESK 5§50
Bef, /X BESK S60
Ca28URT(8B) BESK S$70
T(l)aB BESK S8¢

DO 26 L®2,12 BESK 590

26 T(L)IT(L=1)#B BESK 600
1F(Ne1)27,29,27 BESK 610

C BESK 620
c COMPUTE KO USING POLYNOMIAL APPROXIMATION BESK 630
¢ BESK 640
27 GOBAN(1,2533141w,18660424T(1)+,08811128«T(2)»,0913909527(3) BESK 650
24,13445964T(4)w,2299850%T(5)+,3792410aT(6)w,524727797(7) BESK 660
34,55753680T(8)e, 4262633047(9)¢,2184518eT(10),066809774T7(11) BESK 670
44,009189383»7(12))C BESK 680
IF(N)20,28,29 BESK 490

28 BKSGO BESK 700

RETURN BESK 710
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

COMPUTE K1 USING POLYNOMIAL APPROXIMATION

GIBAN(]1,2533141¢,06999272T(1)=,14685834T7(2)+,1280427+7(3)

20,17364324T(4)¢,28UT6180T(5)w 459434247 (6)¢,6283381T(7)
39,66322954T(8)¢,50502394T(9)e,2581304wT(10)+,07880001#T(11)
4w, 01082418#T(12))nC

IF(Ne1)20,30,3!8
BK=G1
RETURN

FROM KD,K} COMPUTE KN USING RECURRENCE RELATION

DO 3% Js2,N

GJIBR  w(FLOAT(J)wl,)2aGl/XeGO
IF(GJ=),0E70)33,33,32
IER®mY

Go o 34

60861

GisGJ

BKuGY

RETURN

BlX/Z.
AB,577215T7+ALOG(B)
CsBnB

IF(Ne1)37,43,37

COMPUTE KO USING SERIES EXPANSION

GOBw=A

XxaJsi 0

FACTmy,

HJE 40

DO 40 J=i,6

RIBL /FLOAT(I)
IF(X2J,LT,1,Ewd0) XaJso,
PREVIUUS STATEMENT AODEDC TO IBM SUBROUTINE TO CORRECT UNDERFLOW
PROBLEM ON wATFOR COMPILER
x2Jsx2J«C

FACTsFACTaRJeRY

HJBHJ*RJ
GOBGO+X2JnFACTR(HJI=A)
IF(N)A3,42,43

BKsG 0

RETURN

COMPUTE K1 USING SERIES EXPANSIUN

x2J88

FACT=},

HJ®S

Gimi ,/XexX2Jn( Sehen])
DO So J’ZOO

X2JaX2J%C

RJISI /FLOAT(J)
FACTSFACTARJIWRY
HJBHJeRJ .
GI8GI¢XQJ4FACTa(,S+(AeH])*FLOAT(J))
IF(Ne1)31,52,31

8KmGy

RETURN

END

BESK 720
BESK 730
BESK 740
BESK 750
BESK 760
BESK 770
BESK 780
BESK 790
BESK 800
BESK 810
BESK 820
BESK 830
BESK 840
BESK 8590
BESK 860
BESK 870
BESK 880
BESK 890
BESK 900
BESK 910
BESK 920
BESK 930
BESK 940
BESK 950
BESK 9860
BESK 970
BESK 680
BESK 990
BESK1000
BESK1040
BESKiQ20
BESK{030
BESK1Q040Q
BESK1050
BESK1060
BESK1061
BESK1062
BESKI063
BEIKIOTO
BESK1080
BESK1090
BESK1100
BESK1it0
BESK]120
BESK]1130
BESK1140
BESK1IISO
BESKSi60
BEIXKILTO
BESK1180
BESK1190
BESKi200
BESKi210
BESKi220
BESK1230
BESKL240
BESK{250
BESKI260
BESKi270
BESK1280
BESK1290
BESKiI30w®
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

SUBROUTINE EXPI(X,RES,AUX) ExP]
ExPL
".."'ll.'ll10.0000'0Q'"0Oll'0O'000l'l!l0!.0IOQO!"O.'OO.!I"...E::i
SUBRUUTINE EXPI EXP]
ExPL

PURPNSE ExXPI
COMPUTES THE EXPONENTIAL INTEGRAL eEIl(eX) EXP]

EXPI

Usace EXPI
CALL EXPI(X,RES) ExPL

EXPI

DESCRIPTION OF PARAMETERS EXPl

X o ARGUMENT OF EXPONENTIAL INTEGRAL EXPI

RES e RESULT VALUE ExPl

AUX e RESULTANT AUXILIARY VaALUE ExPl

ExPl

REMARKS EXPT

X GT 170 (X LT =174) MAY CAUSE UNDERFLOW (OVERFLOW) EXPL

WITH THE EXPONENTIAL FUNGTIGN Exeg

FUR X ® 0 THE RESULT VA[UE IS 8ET TO e{,ETS EXPl

EXP]

SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED EXP]
NONE EXP]

ExPl

METHOD ExPI
DEFINITION EXPI
RESaINTEGRALCEXP(eT)/T, SUMMED OVER T FROM X TO INFINITY), EXPI
EVALUATION EXPI

THREE DIFFERENT RATIONAL APPROXIMATIONS ARE USED IN THE EXP!
RANGES § LE X, X LE @9 AND »9 LT X LE =3 RESPECTIVELY, EXP]

A PULYNQMIAL APPROXIMATION IS USED IN =3 LT X LT §, ExPI

EXP]
IO'O'OQO||QOOQCOOOOUQO!o.lo..OOIOOOOOOOQOCCOOIOICOO'O'o..l'l'l!..lEXPI
EXPI

IF(Xxei,)2,1,1 EXPI
1 Ysi, /X ExPl
AUXSY aYa(((Ye3 I77358E0)#Y+2,052156E0)#Y+2,709479E=1) /7L ( (Y EXP1
11,072553E0¢5,716943E0)nY46,945239E0)nY+2,593888E0)rY+2,709496Ee1) EXP]
RESEBAUXAY®EXP (wX) EXPL
RETURN EXPI
e 1F(X+3,)6,6,3 EXPI

3 AUXBL((CC((7,122452EnTwxu] T6634SEma)nX+2,928433E=5)rXw2, 335379EwlEXP]

$1)aX] 664150Ew3)AXw] 041STEEw2) #X¢5,555682Ew2) aXw2 50000 Ew])nX EXPI
2+49,999999E w1 ExPI
RESse], E7S ExPl
IF(X)4,5,4 ExPI
4 RESBXnAUXeALDG(ABI(X))®S ,772157E e} ExP]
5 RETURN EXPI
6 IF(X+9,)8,8,7 ExPl
T AUXSY = ((((5,176245E-24X+3,061037TE0)#X+3,243665E1)2X42,2442I4E2)*XEXP]
142,U4860697E2)/7CC((X+3,995161E0)aXx+3,89304U4EL)wXe2,263818E)xX ExPl
2+1,807837€E2) ExPl
GOTO 9 EXPl
8 Y=9,/X EXPL
AUXDY mYR(( (Y47 ,659824Ew])nYe? ,2T7104SE=1)nYw]| 080693E0)/CC((Y ExPI
1-2,3187506001.12292751)tY#S,O?lUOSEO)tY-a.66670250)*Y-9.724216£0) EXP]
9 RESEAUXREXP (wX)/X ExPl
RETURN ExPI

END ExPI

65

350
10
20
30
40
80
60
70
80
90
100
110
120
130
140
150
160

470

180
190
200
210
220
230
240
250
260
210
280
290
300
310
320
330
340
360
370
380
390
4oo
410
420
430
440
4s0
460
470
480
490
500
510
520
530
540
550
860
570
580
590
60e
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer

AR R A RANAARNRRRARANARNARANARARRAAN AR AR R A NARNRARARARANA AR AR RN AR wr kB

wud

PURPOSE wys
T0 CUMPUTE A TABLE OF VALUES OF THE LEAKY AGUIFER wELL wus
FUNCTION « W(U,R/B) « HANTUSH,M,8,, AND JACNB,C,E,) 1955, wys
NON=STEADY RADIAL FLOW IN AN INFINITE LEAKY AQUIFERD AM, wWUB
GEOPHYS, UNION TRANS,, V, 36, NO, 1, P, 95=100, wys
INPUT DATA wuB
{ CARD e FQRMAT(R2E10,5) wus
USMALL o SMALLEST VALUE OF (/U FOR WHICH CUMPUTATION 18° wuB
DESIRED, wuB

ULARGE e LARGEST VALUE UF {/U FOR wHICH COMPUTATICON I8 WU
DESJIRED, wus

2 CARDS » FORMAT(BEL0Q,5) wyB
BDAT e 12 VALUES OF R/8 FUR TaBLE, LIV] ]
SUBROUTINES AND FUNCTIDON SUBPRUGRAMS REQUIRED NUB
L,SERIES,FCT,BESK,DOLL2 wUB
wuUB
tttttl.tttthlﬁtﬁ!t.ﬂtt‘Qttttittttttﬁtttttﬁ'ttttnitt*tttt'tltitltﬁtwua
REAL#Y | L1Y]]
REAL®8 U,V wyB
DIMENSION ARRAY(73,12)s Y(73), BDAT(12), YNUM(S) w8
DATA YNUH/{.,‘.S.Z..S,,S.,?./ . LIV]:]
IRDeS wUB
IPTse wu8
READ (IRD,6) USMALL,ULARGE wu8
READ (IRD,6) BDAY wuB
IBEGINSALOGLO(USMALL) wuB
TIENOBALOGIOCULARGE)+,9999¢ wyse
ILIMITECTEND=TREGIN) 064y W3
IF (ILIMIT,GT,73) ILIMITRY3 wyB
DO 1 I=y,12 wuB
IF (BDAT(Il),EQ,0,) GO TO 2 *UB
CONTINUE wys
NB8si2 wnys
GO 10 3 wuB
NBalel niB
1130 wuB
DO 4 Isi,ILImMTT wyB
IIsllel wuB
IF (11,67,6) 11s=} wus
JIEXPEIBEGINS(Imy)/0 wys
YCI)SYNUMCII) 10, ,#nIEXP wuB
Usle/Y(I) wiyB
DD 4 JEi,NB : wyB
veBOAT(J) /2, wyB
ARRAY(I,J)sl(uU,V) wUB
WRITE (IPT,7) (BDAT(I1),Isi,NB) wug
00 S Isy,ILIMTY wyUR
WRITE (IPT,8) Y(I)s(ARRAY(1,J),Jm1,NB) wuB
STOP wye
wWUB

wuB

FORMAT (BE10,S) wUB
PORMAT ('1!1, ' Ww(U,R/BIP/101,10X,%1 R/ZBI/Y 1,6X,%170 17,12E10,42) WUB
FORMAT (' ',E10,%,12F10,4) wUB
END wys

REAL FUNCTION Led(U,Vv)
ARRARR AR RN R RN R NN AR AR R RN AR AN AR NN AR R AN R R R ANNN AR R AN R RSN A

FUNCTION L

rCrrr e

- s ha a e bt g e et oo
VNP NEWMNCS O ODNC N &N —

NNV
DN NEWN~-O

[+]

B W At et D Wt W
COMNT AL W -

E
Lad

R R
OSSO RE NN

[V RV
-0

W\t
st

[V NV NV,
VIEWMN—- 9O A
)
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

PURPQSE
TO COMPUTE THE INTEGRAL( EXP{eYevaa2/Y)/Y) SUMMED OVER Y FROM
U TO INFINITY(WELL FUNCTIQON FOR LEAKY AQUIFERS),
DESCRIPTION UF PARAMETERS
680TW DOUBLE PRECISICON
U o Reada8/4aYaTIME (RADIAL OJSTANCE SQUARED # STORAGE
COEFFICIENT /7 GsTRANSMISSIVITY » TIME
V = R/2#8QRT(K!/(TeB!))=aONEwrALF RADIAL DISTANCE#8QUARE ROOT
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYSTHICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
OQL12,3ERIES,BESK,FCT
METHOD
IN THE PULLOWING FREXP(eYavan2/Y)/yY

(1) U>E), USES A GAUSSIAN®LAGUERRE QUADRATURE FORMULA TU
EVALUATE INTEGRAL(F) FROM U TO INF,

(2) ver2CUC), USES THE Gel QUADRATURE TO EVALUATE INTEGRAL(F)
FRUM ONE TO INF AND A SERIES EXPANSION TO EVALUATE INTEGRAL(F)
FROM U TU ONE,

(3) Udl, uCesyred, USES THE REPRESENTATION INTEGRAL(F) FRUM U
TO INF, ® 2#K0(2#V)eINTEGRAL(F) FROM Vax2/U YO INF,

EVALUATES THE ZERO URDER MODIFIED BESSEL FUNGCTION OF SECUND
KIND wITH I8M SUBROUTINE, EVALUATES INTEGRAL BY Gel WUAD,

RNARARNRARNARAANRRARA AR AR AR R R AR R AN RA AR R A AN ARRNRRAANAREANRRARNERR AR A NN
EXTERNAL FCT

REAL®8 U,v,Z,F,VV,SERIES

COMMOUN /Ct/ VvV, 2

yvay

IF (usl,y) 1,2,2

CHECKS IF U<t

ZeVav/U

IF (Z=1,) 3,4,4

CHECKS IF veas2/u <€ 1

sy

CALL DQLL2CFCT, ")

LsF

INTEGRAL U TO INF, EVALUATED BY GAUSSeLAGUERRE QUADRATURE
G0 10 S

sy,

CALL DAL12(FCT,F)

LeF+SERIES(Y, V)

INTEGRAL 1 TO INF, BY GelL QUAD,, INTEGRAL U TO { BY SERIES EXP,
60 TO S

THOYR2 j#y

CALL BESK(TwOV,0,B%,1ER)

CALL DGLL2CFCT,F)

LB2 sBKeF

2X0(2V)®INTEGRAL ves2/U TU INF,

RETURN

ENnD
REAL FUNCTION SERIES#B(U,V)
AR AR AN R R R AR AN R R AR R AN R AN AR R R AR AN AR RN AN RN AN R AR R R AN AR R RN RS

FUNCTION QERIES

PURPOSE
TO EVALUATE 8(1)=8(U), WHERE 8 IS A SERIES EXPANSIUN UF
INTEGRAL(EXP(eYey2a2/Y)DY/Y) GIVEN BYs Sx SuM, MED TU INFINITY,
(F(MIn8uUM, NuD TO INF ,(Van(2aN)/((NIIR(MON)|)) WHERE F(mda
LOG(U) IF mmg AND ® ((wf)aaM/M)n(UsaMu(Vaa2/U)auM) [F MDQ,
DESCRIPTIUN UF PARAMETERS
BOTH DOUBLE PRECISION
U = Reaa8/4aToTIME (RADIAL DISBTANCE SQUARED % STYNRAGE
CUEFFICIENT 7/ UaTRANSMISSIVITY » TIME
V o R/22S80RT(X'/(TaBt))esONEwHALF RADIAL ODISTANCE#SQUARE RUDT
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYXTHICKNESS
OF CONFPINING BED)

rCrrr e rcrCcC e CCCrC O Crr O rrrrCCr e r T e e

SER
SER
SeR
SER
SER
SER
8ER
SER
SER
8€R
SER
SER
SER
SER
SER
SER
SER

67
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

SUBROUTINES AND
NONE
METHOD

SUMMATIUN 18 TERMINATED FOR THE INNER SERIES WHEN A TERmM
SECOMES LESS THAN S,E®7/N AND FOR QUTER SERIES WHEN A TERM
BECUMES LESS THAN 5,Ee7

FUNCTION SUBPRUGRAMS REQUIRED

SER
SER
SER
3ER
SER
8ER
SER

..ataﬁtﬁta-ttgiatta*niatntatttttnttitaﬁatautttn-anattttttta&igtanasgﬂ

REAL#8 DL0OG,0DABS,3(2),VUM, Ul
REAL#B TEST,U,UM,EM, EN03U“1:3U“'815N VoVSUsVSQU,RMUL, TERM, TERM]

TEST3S,0e07
VSQEYwY
uusu

DO 6 Isy,2

EVALUATES SERIES FOR LOWER LIMIT s U AND UPPER LIMIT & 1

IF (I.EQ.Z) U.l.
umMasl,

EMaey,

§uMiso,

SIGN.-lg

vumay,
v8ouevV8a/u
EMBEM+ L,

IF (EMm,1) 2,3,3
CHECKS FQOR Mz
RMULBDLOG (V)
TERMiBY,

60 TO 4

umsuUmMeU

IF (VUM,LT.1.0e30) vUMsO,

VUMBYUMRYSQU
RMUL® (UMeYUM) ZEM
TERMISTERM] /EM
SIGNamSIGN
SUMBTERM]
TERMETERMY

ENEBO,

ENBENYY,

TERMaTERMeVSQ/ (ENR(ENSEM))

suM.suMQTERM

IF (TEST,LE,DABS(RMULMENTERM)) GU T0 §

TRUNCATES INNER SERIES IF OUTER TERMaN#INNER TERM € 5,Ee7
SUMIuSUM] +SIGNRRMUL #8UM

IF (EM,LT,.1) GO TO 1

IF (TEST LE,DABS (RMUL*8UM)) GO TO 1

TRUNCATES OUTER SERIES IF OUTER TERM«INNER B8UM € S,te7

$(1)m8UMm}

usUu
SERIESsS(2)=8¢(Y)
RE TURN

END

REAL FUNCTION FCT#8(X)

SER
SER
SER
SER
SER
SER
SER
SER

CSER

SER
SER
8ER
SER
SER
SER
SER
SER
SER
SER
SER
SER
8eQ
SER
SER
8ER
SER
SER
SER
SER
SER
8ER
SER
SER
SER
SER
8ER
SER
SER
SER
SER
8ER
SER
SER
FCT

Qtl'tii*ttﬁi'ﬁltQiﬁtti"ﬁi".'lﬁt'itt.t'it'ﬁﬁtttitﬁﬂtﬂiﬂtﬁ'!'ﬂﬂtﬁtFCT

FUNCYION FCT
PURPOSE

TO COMPUTE FCT(X)SEXP(wZ=Vas2/(XeZ))/(Xel)

FCT
FCT
FCY
FCY
FC1
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

DESCRIPTION OF PARAMETERS FCT
X = THE DOUBLE PRECISION VALUE OF x FOR WHICH FCT I8 COMPUTED FCTY
SUBROUTINES ANO FUNCTION SUBPROGRAMS REUUIRED FcTY
NONE FCT
METHOD FCT
FORTRAN EVALUATION OF FUNCTION FCT
FCT
t*t*tttiatt'ttttﬁﬁﬂ.tﬁttt*ttﬁtttt'!ttiﬁttittﬂt'ﬁnltlnttiﬁtt.it'!*tFCT
REA(#8 X,V,2,P,DEXP FCT
COMMON /CtL/ Vv,2 FCT
IF (X) 1,2,¢ FCY
FCTmo, FCY
60 TO ¢ FCcY
PaZeyung/(Xe2) FCT
IF (P»5,01) 3,3,1 FCY
FCTBOEXP(sP)/(X+1) FCT
RE TURN FCTY
END FCY

SUBROUTINE DQLI2(FCT,Y) oLie

DL12

OHNNHO!l-claocootont.ooooooonnocc.o'0'ionooo.-ol.oolo'.ocno-.gg{tig

SUBROUTINE D@L}32 oLie

oL12

PURPUSE bLie

TO COMPUTE INTEGRALCEXP(eX)®FCT(X), SUMMED OVER X DLte

FROM 0 TO INFINITY), pLie

bLte

USAGE DLi2

CALL DQLt2 (FCT,Y) DLiR

PARAMETER FCYT REGUIRES AN EXTERNAL STATEMENT oLie

Dut2

DESCRIPTIUN OF PARAMETERS DL12

FCT e THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DLi2

S8UBPRUGRAM USED, oLie

Y e THE RESULTING DUUBLE PRECISION INTEGRAL VALUE, OL12

OLie

REMARKS bLie

NONE DLi2

pL1e

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED pL1R

THE EXTERNAL DOUBLE PRECISIUN FUNCTIUN SUBPROGRAM FCT(X) oLi2

MUST BE FURNISHED BY THE USER, DLie

ME THOD OLie

EVALUATION 1S DUNE B8Y MEANS OF {2ePOINT GAUSSIANeLAGUERRE oL1e

QUADRATURE FORMULA, wHICH INTEGRATES EXACTLY, oL

wHENEVER FCT(X) 18 A POLYNOMIAL UP TO DEGREE 23, oLt

FUR REFERENCE, SEE oLt

SHAQ/CHEN/FRANK, TABLES OF ZERDS AND GAUSSIAN WEIGHTS OF DL1e

CERTAIN ASSQOCIATED LAGUERRE POLYNOMIALS AND THE RELATED oL12

GENERALIZED HMERMITE PULYNOMIALS, IB™M TECHNICAL REPQRT DLie

TROO,1100 (MARCH 1964), PP,2u=25%, L2

OLie

OO'CDOOOOOIOOQOOOIll"....ll00000!00.0'0.!.0.000.".'...00.OOOl..lDL12

pL12

oL

pLi2

POUBLE PRECISION X,Y,FCT OLi2

DL1Z

X8,3709912104446b92 D2 oL12

YE,814807740742624 DeiSxFCT(X) bLi2

69

8
9
10
11
12
13
14
13
16
17
18
19
20
el
22
23
24
8=
380
10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
3350
360
370
390
400
410
420
430
440
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

X5,2848796725098400 D2 DLie 450
YBY+,3061601635035021 Dwl{nFCT(X) DL12 460
X5,2215109037939701 D2 DLie 470
YsY+,1342391030515004 DeBaFCT(X) DL12 480
Xm,1711685518746226 D2 DL12 490
YaYe, 1668493876540910 OmpnFCT(X) OLi2 S00
Xm,13006085499330635 02 DLi2 S§0
YaY+,836505585681980 DeS«FCT(X) OL12 520
Xm,962131684245687 DI DL12 53¢
Y8Y+,2032315926629994 Dm3aFCT(X) DLie 5840
X®,684452545311%177 D1 DL12 S%0
YEY+,2663973501865316 Dw2«FCT(X) DL12 580
X3,4599227639418348 DI OLie2 S70
YaY+,2010238115463410 DeiaFCT(X) DL12 580
X8,2833754337743507 DI DLi2 S90
YEY+,9044922221106800 DeinFCT(X) DL12 600
XB,1512610269776419 D1} OLie &10
YBY+,2440820113198776 DORFCT(X) DL12 620
X8,6117574845151307 DO OL1e2 &30
YayY+,3777592758731380 DO#FCT(X) DLi2 640
xm,§1197221173580207 00 OL12 650
YeY+,2647313710554432 DO#FCT(X) DL12 660
RETURN DL12 670
END uLte 68e
SUBROUTINE BESK(X,N,Br,IER) BESK 430
BESK 10
'.""'.'lll'o..Oll'!OOO.ll.'.000000010cl'.l.ioocot'.tl.oc.'!o'.lOBESK 20
BESK 3¢

SUBROUTINE BESK BESK 40
BESK S0

COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT ANU ORDERBESK 60

BESK 70

USAGE BESK 80
CALL BESK(XyN,8K,IER) BESK 90

BESkR 100

DESCRIPTIUN DF PARAMETERS BESK 110

X eTHE ARGUMENT OF THE K BESSEL FUNCTION DESIRED BESK 120

N eTHE ORDER OF THE K BESSEL FUNCTION VDESIRED BESK 130

BK =THE RESULTANT K BESSEL FUNCTION BESK {40
IER=RESULTANT ERROR CODE WwWHERE BESK 150

IERep NO ERROR BESK {60

IER®y N I8 NEGATIVE . BESK 170

IER=2 X I8 ZERU OR NEGATIVE BESK 180

lERs3 X ,GT, 170, MACHINE RANGE EXCEEDED BESK {90

1EREY BK ,GT, 10#¢70 BESK 200

BESK 210

REMARKS BESK 220

N MUST BE GREATER THAN OR EWUAL TO ZERO BESK 230

BESK 240

SUBRUUTIMES AND FUNCTION SUBPROGKAMS REQUIRED BESK 25¢
NONE BESK 260

BESK 270

METHOD . BESK 280

CUMPUTES ZERO ORDER AND FJIRST ORDER BESSEL FUNCTIUNS ULSING BESK 290
SERIES APPROXIMATIONS AND THEN COMPUTES N Th URDEK FUNCTION BESK 300
USING RECURRENCE RELATION, BESK 310
RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BESK 320
AS DESCRIBED BY A,J M HITCHCOCK, 'POLYNOMIAL APPROXIMATIONS BESK 330
TO BESSEL FUNCTIONS OF OURDER ZERD AND ONE AND TO RELATED BESK 340
FUNCTIONSY, M T A, Cys V,11,1957,PP, 86288, AND G,N, WATSON, BESK 350
YA TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMBRIDGE BESK 360
UNIVERBITY PRESS, 1958, P, b2 BESK 370


http://6fc.SK

OO0

o0

o0

oo

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

BE 8K
-o!lo'lonniooolvllcloloooo-oc0|100000000|10'0!.ootol0000001009.ao|ggg:
DIMENSION T(12) ' BESK
BKE,0 BESK
IF(NY10, 11,114 HESK

10 lERm) BE 8K
RE TURN BESK

11 IF(X)12,12,20 BE 8K

12 lERE2 BE 8K
RE TURN BESK

20 IF(Xxm170,0)22,22,21 BESK

21 1ERa3 HESK
RETURN BESK

22 1ER20 BE 8K
IF(X=]1,)36,36,25 BE 9K

25 ABEXP(wX) BE $K
B2l ,/X BESK
CeSART(B) BE.SK
T(1)=8 éégg
Do 26 Ls2,12 Bg&x

26 T(L)aT(Lwi)w aF gk
IF(N®1)27,29,27 BESK

BESK

COMPUTE KO USING POLYNOMIAL APPROXIMATIUN BESK
BESK

27 GOSA®{},253334)w,156664247(1)+,08B8151284T7(2)=,0913909527(3) BESK
2¢,13445960T(4)e, 22998500 T(5)¢,37924104T(6)=,824727727(7) BE 8K
3¢,55753682T(8)e,026263327(9)4,21845184T7(10)=,0668097707T(1}) BESK
Ue,009189383%T7(12))+C BE 8K
IF(N)20,28,29 BE 8K

28 HBKEGO BESK

RETURN BESK

BE 8K

COMPUTE X1 USING POLYNDMIAL APPROXIMATION BE 8K
BESK

29 GImAR(],253310414,46999274T7(1)=,14685832T(2)¢,1280642727(3) BESK
20, 1736432%T(4)4,28647618wT(S)e,d5943424T7(6)¢+,06283381*T(7) BESK
3o, 663229547(8)+,5050239%7(9)=,2583304#7(103+,07880001#7(11) BE 8K
4w, 0108241851 (12))2C BE 8K
IF(N=1)20,30,31 BESK

30 BK3G1 BESK

RETURN BESK
BESK
FROM KO,K1 COMPUTE KN USING RECURRENCE RELATION BE 8K
BESK

31 DO 35 Ju2,N BESK
GJ=2.'(FLUAT(J)-1,)tGi/XOGO BESK
1F(6J=1,0E70)33,33,32 BESK

32 lERsY BE 9K
G0 T0 34 BESK

33 GouG) BESK

35 G146J BESK

34 BKEGY BE SK
RETURN BE 8K

36 BEX/2, BE 8K
A8,5772157+AL0G(B) BESK
CzB#B BE 8K
IF(Nel1)37,43,37 BE 8K

BESK

COMPUTE XU USING SERIES EXPANSIUN BESK

71

380
390
400
420
430
440
4s0
460
470
&80
490
500
$40
520
530
540
550
560
579
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
B40
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990

Kz

e )
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c
37
¢
¢
40
42
c
¢
¢
43
50
52

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TABLE 4.3-—Listing of program for radial flow in a leaky artesian aquifer—Continued

GOswA

xa2Jsi,

FACTI‘.

HJg, 0

DU 40 J=l,6

RJsl ,/FLOAT(J)
1F(X2JoLT41,Emby) Xx2Jm0,
PREVIOUS STATEMENT ADDED TO IBM SUBRQOUTINE TO CORRECTY UNDERFLOW
PROBLEM ON wATFOR COMPILER
xeJax2J«C

FACTaFACTaRJI*RJ

RJEHJ*RY
GOBGO¢XeJnFACTa(HImA)
IF(N)G3, 42,43

BKsG60

RETURN

COMPUTE K1 USING SERIES EXPANSION

xa2Js8

FACTal,

HJ8{,

Gisl /XeX2Jn( ,Sed=oH])
PO S0 Js2,8

x2JsxeJ«C

RJSL /FLOAT(J)
FACTaFACTaRJ#RJ
HJaHJeRJ
GIBGLI+XQUnFACT*(,S¢(AwHJI)aFLOAT(J))
IF{N21)31,52,31

BXaG}

RETURN

END

BESXK1000
BESK1010
BESK1020
BESK1030
BESK1040
BESK10S0
BESK1060
BESK1064
BESKi062
BESK1063
BESK1070
BESKiOBO
Be8K1090
BESK1100
BESK1110
BESK1120
BESXK1130
BESK1140
BESK1150
BESK]I160
BESK1170
BESK1180
BESK1190
BESK1200
BESKi210
BESK1220
BESK1230
BESKL240
BESK12%0
BESK]1260
BESX1270
BE8K{280
BEIX1290
BESK{30w

TaBLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds

C .Q.!tt.tﬂ'iﬁttt.t.t'tﬁnttn'ttattt't.'tt.'ﬁtt!attttﬂtt.'t'lt!QQQQQ!LSY
c LS
c PURPOSE LS?
C TO CUMPUTE TYPE CUWVE FUNCTIUMN VALUES FUR M(U,BETA) ee L8
C HANTUSH, ™ .8, ,1980, PODIFICATION UF TWE TIWEURY LF LEARY LSY
c AWUIFERSE JOUR, GEUPHYS, RES,, V, &5, NO, 11, P, 3713=3725, LSTY
c THE COMPUTATIONAL ALGURITHM #AS DEVISED AND PRUGWAMMED BY LST
c 8,3,PAPADOPULUS, L87
4 INPUT DATA LSsT
c § CARD = FORMAT(2E10,5) L8t
C USMALL « SMALLEST(BEGINNINGY vALUE UF /U, LST
c ULAKGE o LARGEST(ENDING) VALUE OF L/U, L81
C 2 CARDS » FURMAT(8E10,S) L8
c BOAT e 12 VALUES 0F BETA (2ER) DR BLANK VALUES ARE L8T
C PERMISSIBLE JF LESS THAN 12 DESIRED, wILL TERMINATE LSt
4 AT FIRSY ZERD GR BLANK VALUE), LST
C SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED L8T
4 H,08G32,)MUR,w = MUST BE INCLUDED IN DECK, L8T
c DSGRT,DEXP,DERFC,0L0G « MUST BE IN COMPUTER LIBRARY, L8t
C LsT
C ﬁa!Qlltttqiln'i'ttt.ttitttt't'tﬂ.tﬁtt.lntitﬂttttttt!tat.'nn"nt'Q!LsT
REAL*8 U,BETA,R LST
DIMENSION ARRAY(73,12)s Y(73), BDAT(32), YNUM(S) LS

DATA YNUM/ S ¢s145026083015¢074/ L8y

IRDE=S Ls?

1PTse LsY

REAL (IR0D,6) USMALL,ULARGE L8y

READ (IRD,6) BULAT LSTY
IBEGINBALUGLO(USHMALL) L8t
TENDBALUGIOCULARGE ) ¢ ,99999 LSY
ILIMITS(IEND=IBEGIN) #b ¢} LSY

IF (ILIMIT(GT,73) ILImMIT=7} L8?

DL 1 J=31,12 L8?

IF (BDAT(1),€EG,0,) GO TU 2 LSY

1 CONTINUE L87

NBs12 LsT

OB NV EWWN—



TABLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds—

OO0

[

&

v

@~

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

Continued

GU 10 3

NES]w]

I1e0

DL 4 I=l,ILImMIT
IEXPa]BEGING(Te1) /8

11elley

IF (I11,6T,0) 1131
Y(L)BYNUMITIIn10,an]EXP
usil./zY(l1)

00 4 Jal,ng

BETASBDAT(J)
ARRAY(I,J)8M(yU,BETA)

WRITE (IPT,7) (BDAT(1),Imi,NB)
DU S Iag,lLIwgt

WRITE (IPT,8) Y(1),(ARRAY(I,J),J81,NY)
STCP

FORMAT (B8£10,5)

FURMAT (P10, tm(u,BETA)'/10,10X,'1 BETAI/Y V,6Xx,11/V t1,12E10,2)
FURMAT (' ',E10,3,12F10,4)

EndD

DUUBLE PRECISION FUNCTION m(U,B)

ARRANR AR AR AR DA RARKNRNAN AR ARN AR ARNNAARKAIRARA RN R EARRPARRANAREAANAASS

FUNCTIUN n
PURPOSE
10 CUMPUTE THE INTEGWAL OF
EXP (oY) 2ERFC(BaSQORT(U)/SQRT(Ye(YuU)))/Y SUMMED UVER Y
FROM U TO INFINITY (FUNCTION H(U,BETA) UF mANTUSH),
DESCRIPTIUN UF PARAMETERS
80TH DUUBLE PRECISION
U » Ren2aS/(4eTaTIME), (RADIAL DISTANCE SQUARED » STURAGE
COEFFICIENT / (4 » TRANSMISSIVITY o TIME), U MUuST BE > 1,0=00,
B = (R/UIX(SURT(K'#81 /(1 aTa3)exttaS811 /(B! 1aT28)),
Kt,81,8! e WYD, CUND,, STURAGE COEFF,, THICKNESS UF
JPRER CONFINING BED,
K1',811,81' w HYD, COND,y STORAGE CUEFF,, THICKNESS UF
LOwWER CONFINING BED,
ME THOD
l. FUR U € 1,Deb0, NU COMPUTATION 18 MADE,
I1e FOR BoO, M(L,0)aw(U) (THEIS wELL FUNCTION},
111, An(uyB)u0 IF
1, U > to0,
2, 8 > 1 AND Bee2asy > 300,
Ive ERFC(ARG)Z0 POR ARG > 40 AND M(U,B) 8 H(UB,H)
FOR U € ¥ € UB wHERE UB 18 THE U CORRESPONDING TO ARG =& 40
SINCE H(UB,B) € w(uB) THEN FNOR UB > 10, H(U,B) B8 0,
ERFC(AKG) 8 § FUR ARG € 2,Em{0 AND H(UUH,H) = w(uus}
WHERE ULUB 18 THE U CORRESPONDING TU ARG 8 2,Ee}0,
IF Uus > 10, n(u,B8) & INTEGRAL FRUM UB TU 10,
If uuB <€ 10, H(U,B) 8 INTEGRAL FROM U8 TO LUB ¢ w(UuuB)

AARRRRN RN AR AN RN AR IR AN R AR N R R AN N RN AN AN A RO R AR AN I AR AR ANRNRAARRRARE AN
IMPLICIT REALeB(AwM,0=2)

COMMON VUU,8B8

EXTERNAL muH

uuusuy

sgasg

IF (U,GT,1,0e60) GO TU 1

WRITE (0,7)

S10P

IF (B,EWU,0,0) GO TO S

IF (UWGT,410,0) GO TL &

BusdeBeu

IF (BsGT,140,AND4BU,GE,300,0) GO TU &
W1EQ,0

UPs10,0

ubBe0 Seye(1,04080RT(}1,0+40,025=BwB/U))
IF (uB,GT,UP) GO T0 &
uues0,SeUr () ,0+DSART(1,041,020882B/UY)
IF (UUB,.GT,uP) GO T0O 2

HiEm(UUB)

[RELIVIVE)

HomQ, 0

XL3UB

XUB10,%XL

IF (XU,GE,UP) XusuP

CALL DWUG32UxL,XuU,HUB,AREA)

H2BMN2 ¢ ARE A

XL8Xu

1F (XL EQ,UP) Gu TO ¢

6L TU S

MEkHieH2

RE TURM

Haw{U)

RETURN

L8t
LsT
L8T
LSTY
Lsr
L8t
Ls71
Lar
L8T
L8
L8T
Lot
LST
L8sT
LT
X34
L87

r
»
)

L87

- -
w w
—-—

IY¥YIIrIr IIrIIrIIIIrIrxIrIx¥xIrrixyxrrIrixIi1rIIxrxIiIIrIrIiIryrIIrIrIrIrIIYIXYTIIIIIIITIIIIYIIXIXY Y X

37
38
39
4o
[T}
4e
43

73
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TaBLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds—

Continued
6 HE0,0

RETURN .o

¢ 68
T FORMAT (10!, 'y TUD SMALL FUR COMPUTATION') " 89
END . W 70e
SUBROUTINE DQG3I2(XL,XU,FCT,Y) 0uG ]

c ouwG 2
c lt"ll"!lll"l."..'l"ll"'.'l.ICCC..O'l.'.'llll.ll.llt.ll.ll.l'ooc 3
4 Le6 ¢
4 SUBROUTINE DuG3e [*1°14 s
< 0u6 [
¢ PURPUSE DuG 7
4 TO COMPUTE INTEGRAL(FCT(X), SUMMED UVER X FROM XL Tu XU) puG 8
4 DuG ®
4 USAGE ouwG 10
c CALL 00G32 (XL,XU,FCT,Y) DuwGe 11
¢ PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT w6 12
¢ oRG 13
c DESCRIPTION OF PARAMETERS DuG §4
4 XL » DUUBLE PRECISION LUWER BOUND OF THE INTERVAL, ODuG 1S
[+ Xy = DOUBLE PRECISIUN UPPER BOUND OF THE INTERVAL, DaG 6
¢ FCY e THE WAME QOF AN EXTERNAL DOUBLE PRECISION FUNCTION OWwG 17
4 SUBPROGRAM USED, DuG 18
4 A e THE RESULTING ODOUBLE PRECISION INTEGRAL VALUE, 066 9
[ 066 20
[ REMARKS LeG 2t
[ NONE 0aG 22
¢ 046 23
[+ SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED 006G 24
c THE EXTERNAL DOUBLE PRECISION FUNCYINN SUBPRUGRAm FCT(X) buG 2%
[ MUST BE FURNISHED BY THE USER, 046G 26
4 DuG 27
c METHUD 0a6 28
o EVALUATION 18 DUNE BY mEANS OF 32«POINT GAUSS QUADRATURE 066 29
4 FURMULA, WHICW INTEGRATES POLYNOMIALS UP TO DEGREE o3 0uG 30
4 EXACTLY, FOR REFERENCE, SEE 066 31
4 Vol KRYLUV, APPRUXIMATE CALCULATION OF INTEGRALS, DweG 32
4 MACMILLAN, NEw YORK/LUNDON, 1962, PP,100e1i} AND 337e340, ouG 33
c oat 34
g 'll.'.!'l'..OOOIOIOIIOIOI|.l'Ollll..l.l"l"ll'll"lll.ll'Ill."l.oos gz
DUUBLE PRECISIUN XL, XUyYeh,8,C,FCT ouwG 37

AR 5000 ({Xxuexl) owe 38
BaXyexL DuG 39
Cu,4986319309247408D0#8 - DEG w0
Y3,350930500473504B8Dw2w(FCT(A®CISFCT(ARC)) DGG 4}
Co,492805755772634200+8 Dwé 42

yoaye 8137197365u52840«2a(FCT(ACC)I+FCT(AC)) VA6 4«3
Ce,482381127793753200e8 0WG w4
YRY$,12696032654631030@ s (FCT(ACCISFCT(A=C)) 066G 4%
Cu,U8745303796880980D028 0We ub

YEYe, 171369314505107200 e (FCT(ACCIOFCT(AC)) 0wt &7
C3,44816057788302610048 VUG 48
YeY®,2141794R011113340mia(FCT(ACC)IOFCT(AC)) CuwG ue®
Ca,424083800860285000+8 0eG S0

YaYe ,25499029631188090a1a(FCT(ASC)eFCT(ARC)) DaG St
Ce,3972418979839712008 086 Ss2

YBY¢ 2934204673926 7770e i (FLT(ASCI+FCT(ARC)) oWG S3
C8,3660930593701448D0eB 066G S4
YaYe,32911111388180920eix(FCT(A+CI¢FCT(AC)) VEG SS
Ce,331522133465107000¢8 0LG Se
Y8Y+,36172897054424250e i n(FCT(ASCIHFCT(ARC)) veG 57
Ce,2938578786203812004H OuG S8
YEY®,390969478935351S0e1a(FCT(A+C)OFCT(A=C)) 0uUG S9
C8,253649954466114700+8 VUG 60

YRYe 0106559021 13473380ei1a(FCT(ACCI*FCTI(A=C)) VWG 61
Cu,210675638065317700e88 DuG 62

YBY 43826046502201910e1a(FCT(ACCI*FCT(A=C)) DuG &3
C3,1659343011410638008 DUG &4
YBY+,455869393478819uDm1a(FLT(ACC)IOFCT(ARC)) DWwG o5
Co,119643681126068500%8 DRG 66

YBYe ,46922199540402280=1n(FLT(AYC)I+FCT(ARC)) DRG 67
€8,7223598079139820w1#8 006G 68

YBY ,47819360039637430eia(FCT(A+C)I¢FCT(A=C)) DLG 69
C=,2415383284386916De198 bue 70

YEBe (Yo, 4BR70044@573639001a(FCY(ACC)IFCT(A=C))) oL 71
RETURN puG 72
END DUG 73w
DOUBLE PRECISION FUNCTION MUB(X) Hud 1

E AR R AN A R R R AR RN AR A N AN SR AN AR RAANRAEANAN RN AR RAR R CRERRAN R AR aNUB 4
HUB 3

4 FUNCTION HuB HyB 4
C PURPUSE Hus S
4 TO COMPUTE VALUES UF THE INTEGRAND UOF NW(u,B) HuB o
4 DESCRIPYIUN OF PARAMETER LIVL:] 7
¢ X e DUUBLE PRECISION, POINT AT wHICH INTEGRAND 18 EVALUATED, HUB &
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TABLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds—

OO0 OO0O00 0

OoDOoO00

OOoOOcOOONOO0

1

w

Continued
ME THOL HUK Q
FURTRAN EVALUATION UF FUNCTIun, HuB LU
Hubd 11
ANARERRRR AR AR N ARRRRARAARANRAAAR SRR R AR ANNAARR IR RARRRARER AR R TR O RN 1e
IVPLICIT kEALsB(Awr,0e2) nus 13
CuMMUN YUU,BHB HuB 14
ARGEBDSUKT ((BHRxBRMEBRLUU) /(X e XexayUL)) HLR 15
HUBEDEXP(wX)#DERF( (ARG) /K nuB  1e
RE TURN HuB 17
EnD risd 18w
boudlLE PRECISIUON FUNCTIUN wiu) v 1
.t'ﬁﬁ'lﬁﬁiQﬂ'ki'!!ttt.tﬂ"!lt'.t'Qit‘.ll.illiltlttlﬂlﬁt'tt't.:!n.h ~lU 2
wU 3
FunCTIUN = wy 4
PURPULSE W Y
TO EVALUATE TeE wkLL FUNCTIUN UF THEIS, wy L]
DESCRIPTILN (JF PARAMETEN wy 7
U » DUOUBLE PRECISIUN, ARGUMENT FUR wELL FUNCTION, L1 8
wly 9
'ﬂ.'.ttt.QQﬁtuﬁtQ'Q'.ﬁQl'tttﬁttt!lttt'tt'Qﬁﬁtﬂtltt'ltﬁt.tti.!t'i‘. wyU [0
IMPLICLIT REALeB (Aer,(Uel) wi o 1)
IF (U,LE40,0) 6o T 2 ruo12
IF (U GT410G4) GO YOO 3 Wi 13
IF (UeGE,1,0) GU TG ! L L
w3 577215664U%(,99999193euUn(»,2U99]1055¢Us(,055199684Us (=, 00976004 »y 15
14,0010785720))))=DLOG(U) w18
60 T 4 w47
EhuﬂtutXP('U)t(,20777575050U'(6.b$07006°250U'(18,05901697500Ut(8.5 wU 18
1733287401+U)))) «U 19
DENBUS(S,950U9692284Us(2]1,0996530827+un{25,63295614b60uw(9,5733223 wl' 20
1454+U)))) w21
waENUM/DEN w1 22
GU TO @ wy 23
wRITE (6,5) U wy 24
STUP wu 2%
w30,0 wiy 20
RETURN U 27
vy 28
FURMAT ('Ut,5x, '~ (L) uOT DEFINED PR um?Y,1PDIS,B) wy 29
ENU sl 30w

TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer

RARAR AR AR KRR R TR N AR RN AR R AR R R AR AR A RRNARRNNRAANK A RN R R RN RARAANRRANA NN RN PP

PURP(QSE

O COMPUTE TYPE CURVE FUNCTION VALUES FUR PARTIAL PENETRATION

IN A LEAKY AQUIFER USING EQ, 73 OF HANTUSH,M,8,, 1964,

HYDRAULICS OF wELLS IN CHOW, VEN TE, ADVANCES IN HYORUSCIENCE,

VoL,

11 ACADEMIC PRESS, NEw YURK, P, 281=442,

INPUT DATA
I CARD =» FORMAT (3F5,1,15,2E10,4)

8 » AQUIFER THICKNESS

E « DEPTH, BELUWN TUP UF AQUIFER, TO BOTTIOM UF PUMPING
wELL SCREEN

D = DEPTH, BELOw TOP OF AGQUIFER, TO TOP OF PUMPING wELL
SCREEN

NUM @ NUMBER UF OBSERVATION WELLS OR PIEZUMETERS TIMES
NUMBER OF VALUES OF XZI/KR,

SMALL = SMALLEST VALUE QF $/U FOR WHICH CUMPUTATIUN 18§
DESIRED

LARGE « LARGEST VALUE OF 1/U FQR wH]ICH CUMPUTATIUN I8
OESIRED

e CARUS e FORMAT(BEL10,S)

BOAT w 12 VALUES OF R/BR, NUON ZERO VALUES SHOULD BE
FIRST, WILL TERMINATE AT FIRST ZERQ (OR BLANK) VALUE,

NUM CARDS (ONE FOR EACH 0B8, wELL OR PIEZOMETER AND FOR EACH

VALUE OF ReSQRT(KZ/KR) = FORMAT (3FS,1)

R = RADIAL DISTANCE FROM PUMPED WELL TIMES SQRT(KZ/XR),
LPRIME » DEPTH, BELUw TOP 0OF AQUIFER, Tu BOUTTUM OUF UBS,
WELL SCREEN (ZERO FOR PIEZOMETER)

PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PRL
PPL
PPL

OPRIME e« DEPTH, BELOW TOP OF AQUIFER, TO TUP OF 0BS, wELL PPL

o P S et S s s h e e
CEP AT NEVWNEOODONT N E NN —

NV NMVRIVNVIVN
OB®NOCNNEWNN~O
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued
SCREEN (TOTAL DEPIH FUR PIEZUMETER) PPL
SUBKOUTINES AND FUNCTION SUBPROGRAMS REQUIRED PPL
DAL12,SERIES,BESK,FCT,L,FL PPL
PPL
AARANR AR RN AR A AR AR A RN AR R A AR A AN RN AN A R AR NN RN RAN AN R RRRRNNR AN RN AN ANRRRPPL
REAL#E U,V PPL
REAL=4 L,LB,LPB,LPRIME,LARGE PPL
DIMENSION ARRAY(SS,12), ARG(6), BDAT({2), Y(SS) PPRL
DATA ARG/ 1 4901,5,2¢234054274/ PPL
DATA ARRAY/660%0,/9Y/5520,/ PPL
IRDsS PPL
1PT=e PRL
READ (IRD,9) B,E,DeNUM,SMALL,LARGE PPL
READ (IRD,14) BDAT PPL
00 1 Is),12 PPL
IF (BDAT(I1),EQ,0,) GO YO 2 PPL
1 CONTINUE PPL
NB®12 PPL
GQ 10 3 PPL
2 NBsle] PPL
3 L8s3E/8B PPL
busD/8B PPL
IBEGINBALOGLO(SMALL) PPL
IENUBALUGIOCLARGE) *,1 PRL
JUIMITSIEND=IBEGIN PPL
IF (JLIMIT,6T7,9) JLIMITES PPL
ILIMITSORJLINTIT e} PPL
DO 8 KEY,NUM PPL
READ (IRD,9) R,LPRIME,DPRIME PPL
RBER/8 PPL
LPoa PRIME/D PPL
OPBBpHPRIMEY/Y RPPL
OO & Isf,ILIMIT PPL
INDEXE(m1)/6 PPL
IEXPSIBEGINSINDEX PPL
IISleINDEXRD PPL
Y(I)SARG(II)I w10, ##]EXP PPL
usi,/v(1l) PPL
DD 4 J=)l,NB PPL
BETA®BDAT(J) PPL
veEBETA/Z, PPL
4 ARRAY(I,J)sL(u,V)eFL(U,RB,BETA,LB,DB,LPR,DPB) PPL
IF (LPBw®0,) 5,5,%6 PPL
S WRITE (IPT,10) DPB,KB,LB,D8 PPL
GO T0 7 PPL
o WRITE (IPT,11) LPB,OPB,RB,LB,08 PPL
7 WARITE (IPT,12) (BDAT(1),I=1,NB) PPL
DO 8 Isi,ILIMIT PPL
WRITE C(LPT,13) v(I),(ARRAY(I,J)sJmi,NB) PPL
8 CUNTINUE PPL
STUP PPL
PPL
PPL
9 FORMAT (3F5,1,15,2E10,4) PPL
10 FORMAT ("1, '@ (U,R/BR)SF(U,R/B,R/BR,L/B,D/B,Z/B), Z/Ba',F5,2,', SQPPL
IRT(KZ/KR)*R/Bs' ,FS,2,"'y L/B8'",FS,2,', D/Bs!,FS,2) PPL

11 FORMAT (1Y, Vw(U,R/BR)SF(U,R/B,R/BR,/8,0/8,L''/8,D'1/8), L!'/Bs!,PP|
1FS,2,', 0''/831,F5,2¢'y SORT(KZ/KR)2R/Bx!,F5,2,!, L/B®!,F5,2,!, D/PPL

2Bz ,f5,2) PPL
12 FORMAT ('0',9x,') R/BR'/Y 1,8X,t4/U 11,12E10,2) PPL
13 FORMAT (' 1,E10,3,12F10,4) PPL
14 FORMAT (BE10,8) PPL

END PPL
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

REAL FUNCTION FL*4(U,RB,BETA,LB,DB,LPB,DPB)

ARARRRARRANRAARRARNRAN RN AR AN RNR AN R R RN ANAR NN R AN R ANGAAN AR RAANR AR AN

FUNCTION FL
PURPUSE

TO COMPUTE DEPARTURES FROM HANTUSHeJACOB LEAKY AQUIFER CURVE

CAUSED BY PARTIAL PENETRATION UF PUMPED WELL,
USAGE
FL(U,RB,BETA,LR,DB,LPB,0P8)
DESCRIPTION UF RARAMETERS
ALL REAL, y DOUBLE PRECISION
U o Raw2aS/4nTuTIME (RADIAL DISTANCE SQUARED » STURAGE
COEFFICIENT / 4aTRANSMISSIVITY # TIME
RB » R/8 ( RADIAL DISTANCE / AGUIFER THICKNESS )
BETA o RWSQRT(K!/B!T) = (RADIAL OISTANCE = SQUARE ROOT
(HYD, COND, OF CONFINING BED/THICKNESS OF CONFINING
BED # TRANSMISSIVITY OF AQUIFER))
LB = L/B ¢ FRACYIQN OF ‘AGUIFER PENETRATED ev PUMPED WELL)
OB » O/8 ( FRAUTIAN OF AQUIFER ABOVE PUM SEN)
LPB » L1/8 C(FRACTIUN OF AGUIFER PENETR'M
FOR PIEZOMETER)

bPB e Dt/B (FRACTION OF AQUIFEHR ABQOVE DBS. WELL SCREENc TOTAL

DEPTH FOR PIEZOMETER)
SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED
DOL32,3ERIES,BESK,FCT,L
METHOD
SUMS THE SERIES THROUGH N#2PI»R/B EQ 20

RENRENRAARNANR AR R AR AN RN R R RNANAAR RN RN ARNNAANRRARANANRNARRA AR NN AR

REAL#8 U,V,D80RT

REAL®4 L,N,LB,LPB

Sumsg,

N'o.

BETSOSBETAwBETA

PIRBIAEY 869604 aRANRB
PILEE3, 141593l 8
PIUBS3,141593408

IF (LPB=0,) 1,1,4

CHECKS FUR WELL OR PIEZOMETER
PI1ZE33,141593xDP8B

NaN¢l,
VaSART(BETSUeNaN*PIRBSQ) /2,
IF (v,6T7,10,) GO 10 3
TRUNCATES SERJES wHEN VD10
XL {UsVI/N
SUM?SUM¢(SIN(NnPILS)-SIN(NtPIDB))*COS(N-PIZB)tX
60 10 ¢
FLB,6366198x8UM/(LBeDH)

60 10 7

PILPBB3I, 1415932 PB
P1DPBB3,141593#0P8

NaNe+§
VRSURT(BETSWeNaNRPIRBSQ) /2,
IF (V,GT,10,) GO 10 6
TRUNCATES SERJES WHEN VX190
Xal(UsVI/N

SUMBSUM+ (SIN(NAPILB)®SIN(NAPIDB)I(SIN(N*PILPB)@SIN(NAPIDPB) I aX/N

GO To S
FLE,2026424n8uM/((LB=DR)*(LPH=DPB))
RETURN

ENUL

FLL, ZERQ

77
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS
TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

REAL FUNCTION Lwi(U,V)
AARRRANN AR R RAAN AR AR A AR RN NN R A AR R AR AANARAN R RN R NN R AR AN RAANRRA R AN

FUNCTION

PURPOSE
TO COMPUTE THE INTEGRAL( EXP(eYwvae2/Y)/Y) SUMMED OVER Y FRUM
U TU INFINITY(WELL FUNCTION FOR LEAXY AQUIFERS),
DESCRIPTION OF PARAMETERS
80TH DOUBLE PRECISIUN
U o Ren2a8/4aTaTIME (RADIAL DISTANCE SQUARED # STURAGE
COEFFICIENT 7/ UNTRANSMISSIVITY & TIME
V @ R/2#8QRT(K!I/Z(T#B8'))we(ONEwHALF RADIAL DISTANCEASQUARE RQOT
(HYD, COND, OF CONFINING BED/TRANSMISSIVITY®XTHICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
DQL12,SERIES,BEIK,FCT
METHOD
IN THE FOLLOWING FSEXP(=Yuywa2/Y)/Y

(1) Udsy, USES A GAUSSIAN®LAGUERRE GQUADRATURE FORMULA TO
EVALUATE INTEGRAL(F) FRUM U 10 INF,

(2) var2<UCY, USES THE Gel QUADRATURE TU EVALUATE INTEGRAL(F)
FRUOM ONE TO INF AND A SERIES EXPANSIUON TO EVALUATE INTEGRAL(F)
FROM U TU ONE,

(3) U<y, u<ayen2, USES THE REPRESENTATION INTEGRAL(F) FROM U
TO INF, B 2aK0(2#V)®INTEGRAL(F) FROM veag/u 10 INF,

EVALUATES THE ZERO ORDER MODIFIED BESSEL FUNCTION UF SECUND
KIND WITH IBM SUBROUTINE, EVALUATES INTEGRAL BY Gel QUAD,

ANRAANRRARANRRRARRANRNAAN AN ARRAR AN ARRNR A AN R R AN RNNRRNARAR AN ANANNAR AN
EXTERNAL FCT

REAL »8 UgVel)FsVV,SERIES

COMMON /C1/ VV,2

vvey

IF (u=1,) 1,2,2

CHECKS IF uL(L!

luVav/y

IfF (2Z=1,) 3,4,4

CHECKS IF vee2/y €

14 1V}

CaLL DQLI2(FCT,F)

LeF

INTEGRAL U 10 INF, EVALUATED BY GAUSS«LAGUERRE QUADRATURE
GO TO S

=1,

CALL DARLI2(FCT,F)

LeF ¢SERIES(U,V)

INTEGRAL § TU INF, BY GeL QUAD,, INTEGRAL U TU )| BY SERIES EXP,
GQ TO S

Twlvsg, ay

CALL BESK(TWOV,0,BK,IER)

CALL DQL12(FCT,F)

Le2,riKaF

2KO0(2V)eINTEGRAL Vvww2/U TO INF,

RETURN

END

REAL PUNCTION SERIES#8(U,V)

F ol sl ol sl ol ool sl sull ol el ol sl el ol sl sl ot il all uall ol gull mull oul anll wnll gl oull sulf aulk mulf aull aull ault mll sl sl il auik ol aui ault oull sul muk an anll Sl S sl o

SER

AN AR AR R AN R RN R AR AR RN AR AN AR RN AR N AN R AN N R AR R R RO ANNA AR AN AR AN AR AR A v SER

FUNCTIOUN SERIES

PURPUSE

SER
SER
SER
SER

O MO U E VN e



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 79

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

c TO EVALUATE 8(1)e8(U), WHERE 8 IS A SERIES EXPANSIUN OF SER 7
o INTEGRAL(EXP(eYmye®2/Y)0Y/Y) GIVEN BYy Sa SUM, Ms0 TO INFINITY,S8ER 8
c CF(M)#SUM, Na0 TN INF o (Vaa(2a4N)/((NJIN(MENIL)) WHERE F(M)m StR 9
c LOG(U)Y IF M30 AND B ((ei)awM/M)a(UanMo(Vand/ulawM) IF MD0, SER 10
. c DESCRIPTION OF PARAMETERS 8ER 11
. ¢ BOTH DUUBLE PRECISION SgR t2
b c U = Rxx2w3/4aToTIME (RADIAL DISTANCE SQUARED » 8TORAGE SER 13
5 c COEFFICIENT / 4«TRANSMIGSIVITY » TIME SER 14
# o V e R/2%8QRT(K!/(T#B!))=aONE=HALF RADIAL DISTANCE#SGUARE ROOT 8ER 1S
b o {HYD, COND, OF CONFINING BED/TRANSMISSIVITY#THICKNESS SER 16
; c UF CUNFINING BED) 8ER 17
I c SUBROUTINES AND FUNCTION SUBPROGRAMS REGQUIRED SER 8
¢ ¢ NONE : SER 19
4 c METHOD - 8ER 20
B c SUMMATION 18 TERMINATED FOR THE INNER,§£RIE? WHEN A TERM SER 21
8 < BECOMES LESS THAN S,Ee7/N AND FOR QUTER SERIES wHEN A TERM SER 22
c BECUMES LESS THAN 5,Ee7 . SR 23
c 24
C taattautﬂa*tnataan-agtaaaﬂxﬂnnt*-aatnantatattt'ftttttnnhmtﬁtta@t

REAL %S DLOG,DABS,8(2),VuM, Ul
REAL®8 TEST,U,UM,EM,EN,SUM],SUM, SIGN.V.VSQovsuu RMUL,&BWM.Q@@&& . 27
TEST3S,0e07 SEQ 28
VSGsVaY _ $&R 29
vusy - SgrR 30
DD 6 I=i,2 SER 11
c EVALUATES SERIES FUR LOWER LIMIT & U AND UPPER LIMIT m | SER 32
IF (l,EQ,2) us}l, SER 33
umM=1, SER 34
EMzewl, SER 35
Symi=zo, SER 36
SIGNE=}, 8ER 37
vumag, SER 38
vSuvavsQ/u SER 39
1 EM3EMe, SER 4O
IF (Ermy1) 2,343 SER 4l
c CHECKS FOR Mz SER 42
¢ RMULEDLOG(V) SER 43
TERMisy, SER 44
60 70 4 8ER 4SS
3 umsuMey SER b
IF (VUM,LT,1,D=30) VUMSO0, SER 47
VUmSVUMRVSQU SER 48
RMULB (UMeVUM) /EM SER 49
TERMI2TERMI/EM SER SO
4 SIGNE=SIGN 8ER S1¢
SUMSTERMY SER S@
TERMRTERM] SER 53
ENBO, SER S4
S ENEEN+Y, SER SS
TERMITERMAVSU/(ENY (ENCEM)) SER S6
SUMBSUM¢ TERM SeErR 87
IF (TEST,LE,DABS(RMULWENRTERM))Y GU TU S SER 68
[« TRUNCATES INNER SERIES IF DUTER TERMaNw#INNER TERM € S,E=7 SER 89
SUMIRSUMIISIGNARMUL *SUM SER 60
IF (EMLT,,1) 6O 10 1 SER &1
1F (TEST,LE.DABS(RMUL#*8UM)) GO TO 1 SER &2
(o TRUNCAYES OUTER SERIES 1F OUUTER TERM®INNER SUM € S,ke7 SER 63
6 S(])m3uUM} SER o4
usyu 8eR 65
SERIESES(2)=8(1) SER 66
RE TURN SER 67

END SER 68~



80 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

REAL FUNCTION FCT#8(X) FCT

C tttitttﬁiﬁntﬁiﬂttttﬁ!tiﬁiQtﬁtttiﬁQﬁk.tﬁQﬁwtﬁtﬁitt*tﬂtﬁliiﬂ't'tit"‘cT
c FCcY
c FUNCTION FCT FCT
¢ FcT
(o PURPUSE FCY
C TO CUMPUTE FCT(X)AEXP(oZ=Vra2/(X+Z))/7(X+2) PCT
c DESCRIPTIUN OF PARAMETERS FCcT
¢ X = THE DUUBLE PRECISIUN VALUE UF X FOR WHICH FCT [S CUMPUTED FCT
C SUBROUTINES AND FUNCTIUN SUHBPRUGRAMS REGUIRED FCTY
o NUNE FCT
C ME THOD FCT
c FORTRAN EVALUATION OF FUNCTION FCY
c FCY
c RARRRRR R AR AN AR R R AN N ARA AN R AR P AR RARAANAN AR AR R ARNNRARAN AN AR N d kv rnanaFCT
REAL#8 XeVeZyPoDEXP FCT
COMMON /C1/ v,2 FCT

IF (X)) 14,202 FcT

{ FCT=0, FcT

GO TO 4 fFCcT

2 Pesleyang/(x+7) FCTY

IF (P=5,01) 3,3,1 FCT

3 FCTaDEXP(wP)/(X+2) Fer

4 RETURN FC1

END FCT
SUBROUTINE OGLLI2(FCT,Y) DL12

(o DLt
c OOOOQI'!O.!!OI..'Ol...'.l.llt"l.l!l.llo.!.ll..o.l!...Ol.lll.Olillole
C PL12
¢ SUBROUTINE DaLle DLie
c bL1e
c PURP(ISE DLt
C TO COMPUTE INTEGRAL(EXP(eX)#FLT(X), SUMMED OVER X DLie
c FROM O YO INFINITY), DLt
c bL12
¢ USAGE oL1e
C CALL DuLte (FCT,Y) DL12
(o PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT DL
o pLye
c VESCRIPYION OF PARAMETERS bLi2
c FCT » THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DL12
c SUBPROGRAM USED, DLie
c Y e THE RESULTING DOUHLE PRECISION INTEGRAL VALUE, oL12
c oLie
c REMARKS DLle
4 NUNE DLte
¢ OLie
c SUBRUUTINES AND FUNCTION SUBPROGRAMS REQUIRED OL1e
¢ THE EXTERNAL DOQUBLE PRECISION FUNCTION SUBPRUGRAM FCT(X) OL1g
[+ MUST BE FURNISHED BY THE USER, OL12
c OLie
c METHUD bLie
c EVYALUATION 18 DONE BY MEANS OF (2ePOINT GAUSSIANeLAGUERRE DL12
¢ QUADRATURE FORMULA, wHICH INTEGRATES EXACTLY, 0Lt
c WHENEVER FET(X) IS A POLYNOMIAL UP TO OEGREE 23, DLt
c FUR REFERENCE, SEE oL12
c SHAD/CHEN/FRANK, TABLES OF 2ER0OS AND GAUSSIAN WEIGHTS OF DL
C CERTAIN ASSUCIATED LAGUERRE POLYNGOMIALS AND THE RELATED L1
¢ GENERALIZED MERMITE PULYNUMIALS, IBM TECHNICAL REPORT bLie
c TR00,1100 (MARCH {964), PP, 24e25, DLi2
g oLt

l!..l'l.'.ll'....l.0."..00’..Q.l..'....l.l'.l...".l.l.....'.l..‘DLle

O~ NN -

300
310
320
330
340

360
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

DOUBLE PRECISION Xx,Y,FCT

X®,37099121044ub6692 02
Y®,814807746742624 DeIS*FCT(X)
X3,284879672%098400 D2
YEY+,3061601633035021 DediwFCT(X)
x-.zaxsxovosrosvrox D2
YrY+,1342391030515004 DeBaFCT(X)
X3,1711685518746226 D2
YaY+,1668493876540910 DwoaFCT(X)
X®,1300605499330635 DR

YY+ , 836505585681980 DwS#FCT(X) .
Xs, 9e2131¢eaaasoe7 DY

Yays 12032315936629994 D=3aFCT(X)
xa.eaaasasysstxsxv1 D1
YaY+,2663973541865316 Dw2aFCT(X)
x-.asovzzvesoalesaa D
YRY+,20102381154634150 DelaFCT(X)
x=.ea437513377assor D1
YRY+,904492222116809 Del«FCT(X)
X8,1512610269776419 D1

YsY¢ 2440820113198776 DOWFCT(X)
X8,6117574845151307 0O

YeY+ 3777592738731380 DO*FCT(X)
xs,1157221173580207 D¢
YBY+,2647313710554432 DOwFCT(X)
RETURN

END

SUBROUTINE BESK(X,N,BK,1ER)

bL12
bL12
bL12
oLt
oLi2
DL12
bL12
oL12
oL12
DL12
DL12
oL12
DL12
DL12
bL12
DLt2
DL%%
DLt

ot £

DLI?,;

oLie
OL12
VL1e
bL12
L2
DL12
DL1e
DLt
OL12
oL
BESK
BESK

l..'..'.Ol..l..'0.'0...0..0.I'.'.l.'....!ll...l..Ql..!....".'.'.'BEsK

SUBRUUTINE BESK

BE3K
BESK
BESK

COMPUTE THE K BESSEL FUNCTIUN FOR A GIVEN ARGUMENT AND ORDERBESK

USAGE
CALL BESK(X,N,BK,IER)

DESCRIPTION OF PARAMETERS
X eTHE ARGUMENT OF THE K HESSEL FUNCTION DESIRED
N «THE ORDER OF THE K BESSEL FUNCTION DESIRED
BK =THE RESULTANT K BESSEL PUNCTION
IER=RESULTANT ERROR CODE wHERE
IERS) NU ERRUR
IER=y N 18 NEGATIVE
IERE2 X 18 ZERD OR NEGATIVE
IEREY X ,GT, 170, MACHINE RANGE EXCEEDED
IER=4  BK GT, 10#%70

REMARKS
N MUST BE GREATER THAN COR EGUAL TO ZERO

SUBRUUTINES AND FUNCTION SUBPRUGRAMS REQUIRED
NONE

METHUD
COMPUTES ZERO URDER AND FIRST ORDER BESSEL FUNCTIUNS USING
SERIES APPROXIMATIONS AND THEN COMPUTES N TH URDER FUNCTION
USING RECURRENCE RELATION,

BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BE SK
BESK
Be 8K
HESK
BESK
BESK
WE 8K
BESK
BESK
BESK
BE SK
BESK
8ESK
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370
190
400
430
420
430
440
450
460
470
480
490
500
510
520

3o

200
210
220
230
240
250
260
eTo
280
290
300
310
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS
TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

RECURRENCE RELATION AND PULYNOMIAL APPROXIMATION TECHNINUE
AS DESCRIBED BY A J ,M¢MITCHCOCK, 'POLYROMTIAL APPROXIMATIUNS
TU BESSEL FUNCTIONS UF URDER ZERO AND ONE AND TU KELATED
FUNCTIUNS?!, M, T A,C,y V,11,1957,PP,86a88, AND G,N, »ATSON,
VA TREATISE ON THE THEORY OF BESSEL FUNCTIUNS'!, CAmMBRIOGE
UNIVERSITY PRESS, 1958, P, &2

000 0000 0D 0ROTROEDPETTNRNRTROISID OO0 000 CRERLEEICCEVNUNINIDRNPOROISISEOOPOIQRPORETOETDROITtEtIQITRITY

DIMENSION T(12)
BK® 40
IF(N)1O,118,1
IEREY

RETURN
IF(x)12,12,20
1ER®R

RETURN
IF(Xw170,0)22,22,2!
1ER®]

RETURN

1ERE0
IF(Xx=1,)306436,2%
ASEXP(wX)

Bel4/%

Ca8WRT(B)

T(1)aB

D0 26 Lu2,12
TL)BT(L=1)wB
IF(N®{)27,29,27

COMPUTE KO USING PULYNUMIAL APPROXIMATION

GOBA*(1,25331U1e,156066U24T(1)+,0B88111284T(2)w,09139095T7(3)
24130459627 (U)=,22998500T(5)4,37924102T(6)e,5247277%T(7)
3¢,55753684T(8)e 42626332T(9)¢,2184518xT(10)=,066809772T7(11)
49,009189383%T(12))+C ‘

IF(N)20,28,29

BKBGO

RETURN

COMPUTE K1 USING POLYNOMIAL APPROXIMATION

GlaA®(]1,2533141¢,46999274T(1)®,1468583#T(2)+,128042747(3)
2%, 173604320 T(0L)+, 28UT701BaT(S)w 459UBU2aT(6)¢,6283381nT(7)
39,66322954T(8)+,5050239#7(9)*,2583304aT(10)+,07880001*T(1})
4Ue,0108Q4182T(12))»C

IF(Ne1)20,30,31
8KsGy

RETURN

FROM KO)K3 COMPUTE KN USING RECURRENCE RELATION

00 35 J®2,N

GJu@ 2 (FLUAT(J)wl,)2G1/X¢G0
1IF(GJe] ,0670)33,33,32

IERSY

60 T0 34

GomGy

GLmGY

BkaGy

RETURN

Baxse,

BESK
BESK
BESK
BESK
Bk 8K
BE 9K
BESK
BESK
BESK
BE SK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
B8E 3K
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
Bk 8K
B8k 8K
B8E 8K
BESK
BE 8K
BESK
BESK
BE SK
BESK
BE SK
BE SK
BE SK
BE 8K
BE 3K
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BE 8K
BESK
BESK
BE SK
BESK
BESK
BESK
BESK
BESK
BESK
BESK

320
330
340
350
360
370
380
390
400
u2o
430
Q40
4590
460
470
48y
490
500
510
520
S30
540
5%0
560
8710
S80
590
600

n
6id

620
630
640
650
660
670
680
690
700
710
720
730
7490
750
760
170
780
790
800
810
820
830
840
850
860
870
8890
890
900
910
920
930
940



o000

OO0

OO0 O0OOOO0O0

37

40
42

43

LY
Se

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

A ,ST772157¢ALDG(8)
CetinB
IF(Ne1)37,43,37

CaMPUTE KO USING SERJES EXPANSION

Goawma

xaJsy,

FaCTsy,

HJB,0

DO 40 Jmi,b

RIS, /FLOAT(J)
IF(an.LT.l.EUUO) XaJIO.
PREVIOUS STATEMENT ADDED TU I8M SUBROUTINE TO CORRECT UNDERFLOW
PRUBLEM ON WATFOR COMPILER
xaJaxaJwg

FACTSFACTeRJARYJ

HJIBHJeRJ
GORGO¢X2JaFACTH(HJ=A)
IFINYU3, 42,43

8Kk860

RETURN

CUMPUTE Ki USING SERIES EXPANSIUN

x2J38

FACTa},

M1,
Gis],/7XeX2Jr(,S+AeH])
DO S50 Js2,8

xa2Jex2JnC
RJS1,/FLOAT(J)
FACTEFACTrRJ*RJ
HJaMJeRJ

G186 eX2JaPACTA(,S5¢(AenI)*FLOAT(J))
IF(N=1)31,%2,31

BxsGy

RETURN

END

83

BESK 950
BESK 960
BESK 970
BESK 980
BESK 990
BESK1000
BESK1010
BESK]020
BESK1030
BESK1040
BESK1050
BESK1060
BESK]06]
BESK1062
BESK1063
BESK1070
BESK1080
BESK1090

k1100

BESK1140
BESK1150
BESK1160
BESK1170
BESK1180
BESK1190
BESKL200
BESK1R210
BESK1220
BESK1230
BESK1240
BESK1250
BESK1260
BESK1270
BESK1280
BESK1290
BESK{30m

TaBLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer

AARARRARAARARRRARARAARNARRAANRARAARANRANCNARANNAARANARNAANANANARRRARANR

PURPOSE
7O CUMPUTE A TABLE UF FUNCTION VALUES FOUR DRAWDOWN IN A
LEAKY ARTESIAN AQUIFER IN RESPONSE TO A STEP CHANGE IN
WATER LEVEL IN THE CONTROL WELL, FUNCYION VALUES ARE
EXPRESSED AS A FRACTION OF DRAWDOWN IN CONTROL WELL (8/8w),
REFERENCE w MANTUSH,M,8,,» 1959, NONSTEADY FLOW TO FLUWING
WELLS IN LEAKY AQUIFERS3 JOUR, GEOPHYS, RESEARCH, v, 64,
NO, 8, Po 10“3.1052.
INPUT DATA
1 CARD @ FORMAT(R2E10,5)
TSMALL =« SMALLEST VALUE OF ALPHA FOR WHICH COMPUTATION
I3 DESIRED,
TLARGE » L ARGEST VALUE OF ALPHA FOR WHICH COMPUTATIUN
18 DESIRED,
{ CARD = FORMAT(13F5,0)
BOAT = 13 VALUES OF Rw/B, NON ZERQ VALUES SHOULD BE GE 1
AND LT 10, FIRST ZERQ (OR BLANK) WILL TERMINATE THE
LIST, AT LEAST ONE NON ZERO vVALUE MuSY BE CUDED, INPUY
VALUES ARE MULTIPLIED 8Y POwWER OF TEN DETERMINED BY
PROGRAM FROM ALPHA,

NNANNNNNNMNNNNNNNNNNNNNNN
[ VIR VA e
— OO EBPWVEN-OONWMA0 AL N -
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

1 CARD = FQRMAT(10F8,2)
RW » RADIUS OUF CONTROL wELL,
RDAT @ 9 VALUES QF RADIAL DISTANCE OF OBSERVATION PUINTS
FRUM CONTROL wELL, SHOULD BE CODED wlTH SMALLEST NUMBER
FIRST, THEN BY INCREASING DISTANCE, THE FIRST ZERU
(UR BLANK) VALUE wILL TERMINATE COMPUTATION,
ME THOD
EVALUATES EU, 13 UF WANTUSH, EVALUATION OF BESSEL FUNCTIUNS
8Y SUBRUUTINES BESK AND HESY AND FUNCTION JO, EVALUATES
INTEGRAL By 8SUM, Is} TO 8000, F((DELTA U)«(I=,S5))4(0ELTA U),
CHOUSES INITIAL OCELTA U 3 ,001/SHRT(SMALLEST ALPHA) AND USES
THIS VALUE FOR ALL Rw/B GE 10#(DELTA U), FOR SMALLER Rw/B,
OIVIDES DELYS u BY 10 AND MULTIPLIES SMALLESY ALPHA BY 100,
REMARKS
SMALLEST Rw/B GE ,01/8GURT(SMALLEST ALPHA)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
BESK,BESY,J0

RARRA RN AR ARRRRAANNRR TR AN R AR NNAN R AR AR AR RRRRNRN N R ANARNRAAR AR AR AR R I RAAW
REAL*8 8SUML,8uUM2

REAL#d KOBP,XDB,J0,J0PU,JOU,Y(BOO0D),JtB000),F(BOD0),FT(BOOU),
1 FB(B8000),RDAT(9),TDAT(6),BOAT(13),ARRAY(25,9,13),B(13),7(25)
DAYA FY/B000%0,/,FB/BO00R0,/

DATA RDAT/Sny, /

DATA ARRAY/2928%0,7,Y0AT/1401:5+200344%,¢7,4/

IRD®S

iPT=s

READ (IRD,24) TSMALL,TLARGE

READ (IRD,23) BDAT

READ (IRL,22) Rw,RDAT

IBEGINSALOGIO(TSMALL)

IENDSALOGIO(TLARGE) ¢,99999

IF C(CIBEGIN/2#2) LT, IBEGIN) IBEGINIIBEGIN=]
ISPANRIEND=IBEGIN

MLIMITE(ISPANGL)/2

COMPUTES INITIAL DELTA U (DU) = ,001/SGRT(SMALLEST ALPMA)
DUB,001/SART(TDAT(L)*10,»w]BEGIN)

EXPONENT (JBEGIN) OF SMALLEST Rw/B 18 COMPUTED FROM EXPONENT
(IBEGIN) OF SMALLEST ALPHA,

JBEGINSB®[HEGIN/2e2

0O 1 191,13

1F (BLAT(1),EQ0,0,) GO TO 2

CONTINUE

NES 13

Gn 10 3

NES e}

CONTINUE

DO 4 Isy,9

IF (ROAY(I).EQ,0,) GO TO S

ROATCI)BROAT(1)/Rw

NREBSQ

GO T 6

NRB e}

DO 21 mMap,MLIMIT

NUMSBO00O

§1ART=eDU/2,

UsSTARY

DO 7 Imi,NUM

usu+DuU

CALL BESY(U,0,Y(1),I0UMY)

J(I)sJo(u)

DU 19 ]Rs{,NR

PNNNANNRNNNNANRNANNSINNNNANMNNRNNANN NNRNAMNNNANINNNNNENNNNNNNNNMNNRNNMRNNNNNNNNNNNN
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TaBLE 7.2.—Listing of program for constant drawdown in ¢ well in an infinite leaky aquifer—Continued

RHOBRDAT(IR)

USSTARY

00 8 Is),NUM

usu+DUV

CALL BESY(RHOsU,0,YOPU,IDUMY}
JOPURJO (RHO=U)

Jousy ()

Yousy(l)

FC1IS(JUPURYOUeYDPURJUU)/ (JUUSJOUSYQU»YQU)

DO 19 IT=y1,25
INDEXE(]Tel) /e

IEXPRIBEGIN® INDEX
IIs]TwINDEXWE
TAUSTDAT(II)#10,#*IEXP
T(IT)=sTAU

USSTART

NUMTENUM

DD 9 Imi,NUMT

usu+DU

FYESTEF(I)

IF (ABS(FYEST) LT(i1E*30) GU TQ 10
XTESTamTAURUNY )

IF (XTEST+¢69,) 10,10,9
FY(I)SFTEST#EXP(XTEST)

GO TO 1}

NUMTS]ef

FT(l)=o0,

DO 19 I8=1,13
JNDEX®(1Be})/NB
JEXPEJBEGIN®JNDEX
JIRIBeJNDEXANB
BETASBOAT(JJ)I w10 ,#xJEXP
B(IB)®BETA

UsSTART

BSGASHBETAWBETA

NUMBaNUMT

DO 1 I=l,NUMB

UsueDU

FTIESTEFT(I])

IF (ABS(FYEST),LT,1,Ee30) GO TO 13
FBC(I)BFTEST/(U*BSA/Y)

60 70 14

NUmMBa ey

FB(I)=0,

SuMisQ,

Sumes (g,

00 1S5 Isi,NUMB,2
SUMImSUMI+FB(Y)
SUMRBSUMR+FB(I+1)
XINTR(SUMieSUM2)IADU

CALL BESK(RHO#BETA,0,KUBP,IDUMY)
CALL BESK(BETA,0,K08,I0uUMY)
RATIQ®O,

IF (xKOBP,GT,0,) RATIOSKORP/KOB
XTESTewTAUBSA

IF (XTEST+30,) 16,17,17
XPT®0,

G T0 18

XPTSEXP(XTEST)
ISRATIO*,63661982XPTaXINT
IF (C(Z4LT404),AND (2,67 ,w5,EnS)) ZmO,ED
ARRAY(IT,IR,IB)=Z

PN NN NNINNNNRNNMNMNPNNRNRNNNNNNNNNNNNMNNANNNNNMNNANANNNNNNMNMNNANNNSNNMNMNNNNMNNNNN
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TABLE 7.2.—~Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

NG 20 Kaf,NR

WRITE (IPT,25) RDAT(K),8

WRITE (1PT,26) (TC1),(ARRAY(I,K,L),L81,13),181,25)

CONT INYE

EXPUNENT UF SMALLEST Rw/8 DECREASED BY ONE EACH TIME THRDUGH LOOP
JBEGINZJBEGIN®]

EXPONENT OF SMALLEST ALPHMA INCREASED RY TWO EACH TIME THROUGH LOUP
IBEGINSIBEGINGZ

DELTA U (DU) 18 DIVIDED BY 310 EACH TIME THRUUGH THE ({UUP

Dus, {»DU

STUP

FURMAT (10F8,2)

FORMAT (13F5,0)

FORMAT (2E10,5)

FORMAT (111, 2CALPHA,R/RW,RN/BY, R/RWEB' ,Fb,0/10!,9X%,%1 Ray/B!'/() ¢V,
13, VALPHA 11,1369,2))

FURMAT (' ',E{0,3,13F9,3)

END

REAL FUNCTIUN JO®4(x)
tﬁ*ﬁitﬁi!titt'tttttﬁktﬂtlttittittiwttt*iQ*Qﬁiittﬂnlittttttta.tttt*

FUNCTION JO

PURPUSE
YO CUMPUTE THE ZERU URDER J BESSEL FUNCTION FOR A GIVEN
ARGUMENT,

USAGE

DESCHRIPTIUN QF PARAMETER
X » REAL#*4, ARGUMENT OF J0 BESSEL FUNCTIUN DESIRED,

SUBROUTINES ANO FUNCTION SUBPROGRAMS REQUIRED
NONE

METHQD
POLYNOMIAL APPROXIMATION FOR %<4 AND ASYMPTQTIC SERIES FUR
X GE 4, TWE POLYNOMIAL APPROXIMATION IS8 THE FIRST 10 VERMS OF
THE PQWER SERIES FOR JO(X) (MILLER, K 8,, 1957,
ENGINEERING MATHEMATICS33 RINEHMART AND CO40 INC,s NEw YURK,
P, 120), THE ASYMPTOTIC EXPANSION OF JO(X) IS8 GIVEN ON P, 82
UF BUWMAN, FRANK, 1958, INTRODUCTION TO BESSEL FUNCTIONSS
OOVER PUBLICATIONS INC,, NEW YORK, THE TERMS P ('AwPQ!') AND
Q ('ed2Q0'y OF THE ASYMPTUTIC EXPANSION ARE CUMPUTED aY AN
ALGURITHM FROM IgM SUBROUTINE BESY,

AR R AR AN RN R AN R R R ANANRAR A AR RANEN R AR RN R RN N RARRANRRAANANAN RN AR
IF (x=d4,) 1,3,3

COMPUTE JO BY FIRST 10 TERMS OF PUWER SERIES

AReXaX/U,

By,

DO 2 1s1,10

Caltl, =l

Bayl,«B8«(A/(CxC))

JosB

GU TO 4

COMPUTE JO BY ASYMPTOTIC SERIES

TiBd, /X

\CLARE B!
POS((((ayD0000370434T2¢,0000173565)#T2%,0000487613)%T24,00017343)»
1T72%,001753062)x72+,3989423
QOB((((,00000323122T12»,0000142078)#72+,0000342468)*T2w,0000869791)
IXT2%,000U4564324)2T2e,01246694

A32,0/8URT(X)

NN NANANNNMNMNMNANNNNNNMNNNNN
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148
149
150
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152
183
154
158
ise
157
158
159
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

REAWTY Jo
Caxe 7853982 Jo
JOZA#PORCNS(C)=B2QR0e3IN(CC) Jo
RETURN Jo
END Jo
SUBROUTINE BESY(X,N,BY,IER) BESY
BESY
.OO.OOOOOOOIO.'0'.0'.'.!..".0’00.'.Il'..'..l.'.l.l.'.".‘l"ol."sEsv
BESY

SYBROUTINE BESY 8ESY
BESY

PURPUSE BESY
COMPUTE THE Y BESSEL FUNCTION FOR A GIVEN ARGUMENT AND ORDERBESY

BESY

USAGE 8E8Y
CALL BESY{X,N,BY,JER) BESY

BESY

DESCRIPTION OF PARAMETERS BESY

X wPHE ARGUMENT OF TNE Y BESSEL FUNCTION DESIRED 8tsy

N  eTHE QRDER OF THE Y BESSEL PFUNCTION ODESIRED BESY

BY «THE RESULTANT Y BESSEL FUNCTION BESY
JER®RESULTYANY ERROR CODE WHERE BESY

IERs) NO ERROR BESY

{ER®y N 18 NEGAT]VE BESY

IERx2 X 18 NEGATIVE OR ZERQ BESY

IERsY BY HAS EXCEEDED MAGNITUDE OF {0we70 BESY

BESY

REMARKS BESY
VERY SMALL VALUES OF X MAY CAUSE THE RANGE OF THE LIBRARY BESY
FUNCTION ALOG TQ BE EXCEEDED BESY

X MUST RE GREATER THAN 2ERD BESY

N MUST BE GREATER THMAN OR EQUAL YO ZERO BESY

BESY

SUBRUUTINES AND FUNCTION SUBPROGRAMS REQUIRED BESY
NONE BESY

BESY

METHUD BESY

RECURRENCE RELATION AND PULYNOMIAL APPROXIMATION TECHNIQUE BESY
AS DESCRIBED BY A,J M,HITCHCOCK,'POLYNOMIAL APPROXIMATIONS BESY
10 BESSEL FUNCTIONS OF URDER ZERD AND ONE AND TO RELATED BESY
FUNCTIUNS!, M, T,A,Ces V¢11,1957,PP 86088, AND G N, WATSON, BESY

YA TREATISE ON THE THEORY OF BESSEL FUNCTIONS!, CAMBRIDGE BESY
UNIVERSITY PRESS, 19586, P, 62 BESY

BESY
noool000100001'olltnOIODOOGOlOlOODOOO.00!0!000!000!'l!oovOO'O'lOOOBESY
BESY

BESY

CHECK FOR ERRQRS IN N AND X BESY
BESY

IF(N)180410,10 BESY
IEReO BESY
IF(X)190,490,20 BESY
BESY

BRANCH IF X LESS THAN OR EQUAL 4 BESY
BESY

IF‘XI“.O)“O'“O.SO BESY
BESY

COMPUTE YO AND Y3 FOR X GREATER THAN 4 BESY
BESY

Timd,0/X BESY
TReTiaT] BESY

POS((((®,0000037043#T2¢,0000173568)nT2m 0000487613)2T2 BESY
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390
400
420
6430
440
4s0
460
470
480
490
500
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570
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TabLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

+,00017343)wT2=,001753062)%72+,3989423

GO®((((,0000032312+T2=,0000142078)nT72+,0000342468)*T2

», 0000869791 )#T2¢,0004564324)2T2=,01246694

P18((((,0000002414nT2%,0000200920)%T2¢,0000580759)nT2

©,000223203)%T2+,002921826)+T2+,3989423
013 (( (e, 0000036594¢nT24+,00001622)%T2,0000398708)72
+,0001064741)aT2e,0006390400)#T2+,03740084
Am2,0/8GRT(X)
BoAxTY
Caxe, 7853982
YORA#PO®SIN(C)+B2G0«C0S(C)
YimoAnP I oaCOS(C)eBRQI#SIN(C)
6O TO 90

CUMPUTE YO aND Y1 FOR x LESS THAN QR EQUAL TO 4

Xxsx/e,

X2EXX#®XX
TSALOG(XX)*,5772157
SUMEBQ,

TERMBT

YyosT

0O 70 Lei,1%
IF(L=1)50,60,80
SumMa8UMe L, /FLOAT(L=1)
FLel

T9uTeSUM
IF(ABS(TERM) ,LE
TERME{TERM& (X2
YOBYO+TERM

TERM B XXw(1s,65)

SUME0,

YI{STERM

DO 80 Lx=g2,16

SUMSSUM+Y /FLOAT(L=1)

FLsiL

FLIZEFL=Y,

T83TeSUM .

IF(ABS(TERM) ,LE,},Ewt0) TERMmO,

TERME(TERMW (wX2) Z(FLINXFLIIN((TS» S/ZFL)ZLTS+,S5/FL1))
YisYi+TERM

Pl2E,6366198

YOmRPI2xYO

Yi3=Pl2/XePl2nY}

{,Eel
iFL#%

[l
%3

“Ne

[
Y
3

CHECKX IF ONMLY YO0 OR Y! 18 DESIRED
IF(Ne1)100,300,130
RETURN ETTHER YO0 OR Yi AS REQUIRED

IF(N)130,120,810
ByzYy

60 TO 170

BYsYQ

G0 TO 170

PERFURM RECURRENCE OPERATIONS TO FIND YN({X)

130 vasyQ

A\LLASY
K=n}

BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
8e8Y
BESY
BESY
BESY
8ESY
BESY
BESY
BESY
8ESY
BESY
BESY
BEgY

580
590
600
610
620
630
640
650
660
670
680
690
700
Tt0
720
73%0
740
750
760
770
780
790
800
810
820
830
840
Bu1
850
860
870
880
890
900
910
920
930
940
944
950
960
Q70
980
990

BESY1000
BESY1010
BESY1020
HESY1030
BESY1040
BESY10%50
BESY1060
BESY1070
BESY1080
BESY1090
BESY1100
BESY1410
BESY1120
BE8Y1130
BESY1140
BESY11S0
BESY116U
BESY1170
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140

141
148
150
160
170
180

190

TsfF
YCs
IF¢
IER
RETY
KaK
IFC
YAS
Yss
G0

Bys
RET
IER
RET
1ER
RET
END
suB

DIm
BK=

IF(

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

89

LOAT(2w#K) /X BESY1180
TaYBeYA BESY1190
ABS(YC)=1,0E70)145,145,141 BESYl200
23 BESY1210
URN BESY1220
+ BESYI230
KeN) 150,160,150 BESY1240
Y8 BESY12S0
Yc BESY1260
TO 140 BESYi270
YC BESY1280
URN BESY1290
s BESY1300
URN BESYI3i0
a2 BESY1320
URN BESY1330
BESY134s

ROUTINE BESK(X,N,BK,]ER) BESK 410
BESK 10
O.ll'...'..'.l..'...'....'ll.‘.l.0".0'..0!...'.'.0'.'...'!QOOOBE&K 20
BESK 30

SUBRUUTINE BESK BESK 40
BESK SO

COMPUTE THE X BESSEL FUNCTIUON FOR A GIVEN ARGUMENT AND ORDERBESK 60
BESK 70

USAGE BESK 80
CALL BESK(Xx,N,BK,JER) BESK 90
BESK 1060

DESCRIPTION OF PARAMETERS BESK 110
X «THE ARGUMENT OF THE K BESSEL FUNCTIUN DESIRED BESK {20

N eTHE ORDER OF THE K BESSEL FUNCTION DESIRED BESK 130

BK «THE RESULTANT K BESSEL FUNCTION BESK 140
IERmRESULTANT ERRUR CODE WHERE BESK 150
IERSO0 NO ERROR BESK 160

TEREY N 1§ NEGATIVE BESK 170

IERx2 X 18 IZERO OR NEGATIVE BESK 180

IERsS X ,GT, 170, MACHINE RANGE EXCEEDED BESX {90

IERs4 BK ,GT7, {0#%#70 BESK 200

BESK 210

REMARKS BESK 220
N MUST BE GREATER THAN QR EQUAL TO ZERO BESK 230
BESK g4

SUBROUTINES AND FUNCTIOUN SUBPRUGRAMS REQUIRED BESK 250
NONE BESK 260
BESK 270

METHOD BESK 280
COMPUTES ZERC URDER AND FIRST (ORDER BESSEL FUNCTIUNS USING BESK 290
SERIES APPRUOXIMATIONS AND THEN CUMPUTES N TH URDER FUNCTION BESK 300
USING RECURRENCE RELATION, BESK 310
RECURRENCE RELATIUN AND PULYNOMIAL APPRUXIMATION TECHNIQUE BESK 320

AS DESCRIBED BY A J M MITCHCOCK, 'POLYNOMIAL APPROXIMATIONS BESK 330

TU BESSEL FUNCTIONS OF URDER ZERO AND UNE AND TU RELATED BESK 340
FUNCTIONS', M T,ACqes V,11,1957,PP,86w88, AND G,N, WATSON, BHESK 350

'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS!, CAMBRIDGE BESK 360
UNIVERSITY PRESS, 1958, P, 62 BESK 370
BESK 380
0'...9!000.ll'lc.l..l..00'0'..0.0.0.0'0000'.0.00!0""0."‘.'.lBESK 390
BESK 400

ENSIUN T(12) BESK 420
' 0 BESK 430
N)1O0,114s4 BESK 440
10 lER®} BESK 4SO
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TasLe 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

RETURN
11 IF(Xx)12,12,20
12 IER=2
RETURN
20 IF(Xe170,0)22,22,2}
21 [ERE]
RE TURN
22 IER®m0
1F (X-l.)SOoSb'ZS
2S5 ABEXP(=X)
Bl /X
Ce8URT(B)
T(i)sts
DO 26 L=2,12
26 T(L)=ST(L=1)=»8
IF(Nw})27,29,27

COMPUTE KO USING POLYNOMIAL APPRUXIMATION

27 Go-Aa(1.2533141-.1566042*1(1)0.08811tze-T(Z)-.09139095n7(S)
20.13aa§96-7(4)~.22°9850-T(5)#.3792010nT(b)-.52a7277*T(7)
30.5575368-T(6)'.ﬂ2°263!aft9)0.2180518:7(10)'.06680977i7(11)
44,009189383#T(12))*(C

IF(N)20,28,29

28 BraGo

RETURN

COMPUTE K1 USING POLYNOMIAL APPROXIMATION

29 GIBAR(]1,25335141+4,4699927wi{l)w,i608383u7(2)%,18042757¢
2-.1736“32tT(4)0.26“7618aT(S)-.GSQMSuanTtb)o.bzaslaluT(7
3-.6632295t7(8)+.5050230-7(9)-.2581300-7(10)¢.o7eaooo1nr(11)
4e,01082418%7(12))C

1F(Ne1)20,30,31
30 BKsG
RETURN

2.
> J
)

FROM KO,K1 COMPUTE KN USING RECURRENCE RELATIDN

31 00 35 J=2,N
GJB2,*(FLUAT(J)=1,)#G1/X+GO
IF(GJm) ,0E70)33,33,32

3¢ lERa3Q
G0 T0 34

33 GOsGy

35 GiEGJ

34 BKeGJ
RETURN

36 BzX/2,
A2,5772157+AL0G(B)
CaBrB
IF(N=1)37,43,37

COMPUTE KU USING SERIES EXPANSION

37 Gos=A
X2J3y,
FaClel,
HJs, 0
DO 40 J3i,6
RJEY,/FLOAT(J)
IF(X2J,LT,1,Ewl0) X2J80,

PREVIOUS STATEMENT ADDED TO 1BM SUBROUTINE TO CORRECT UNDERFLOW

BEJK
BE 8K
BESJK
BESK
BE $K
BESK
BESK
BE SK
BESK
BESK
BESK
BESK
BE 8K
BESK
BESK
BESK
BE 8K
BESK
BE SK
BE 9K
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
BE SK
BESK

QL QM
=2 =2~ 133

BESK
BESK
BESK
BE 3K
BE Sk
BESK
HE 8K
BESK
BE 8K
BE 3K
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BE 8K
BE 8K

460
470
48o
490
500
510
S20
530
840
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740

T€N
TV

760
770
780
790
800
810
820
83u
840
850
860
870
880
890
900
910
920
930
840
980
960
970
980
9990

BESK1000
BESK1O010
BESK1020
BESK1030C
BESK1040
BESK1050
BESK1060
BESK1O061
BESK1062



c
40
4e
c
c
c
43
50

52

Cﬂﬁtt*tittatﬁﬂﬁttt*ttitittttﬁttitﬁitt*t**tttitittﬁtwttﬁntlﬁltwt!tttti*tﬁFlR

¢
¢
c
C
o
¢
c
c
c
c
o
c
C
c
c
c
c
c
c
¢
C
c
c
c
c
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TaBLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

PROBLEM ON WATFOR CUMPILER
X2Jmxa2J»C

FACTaFACT=RJI#RJ

HJEHJeRJ
GORGO+X2JeFACTR(HJ=A)
IF(N)U43, 42,43

BKRGO

REYURN

COMPUTE K1 USING SERIES EXPANSION

x2Ja8

FACTa},

HJsY,

Giml/X4X2JR( Seher])
DD S0 J=2,8

xX2JaxaJ»C

RJE! ,/FLOAT(J)
FACTSFACT#RJ#*RJ
HJBHJ*RJ

GIBGieX2J2FACTH(,S+(AnHJ)*FLOAT(J))

IF(Ne})31,52,31
BK=GY

RETURN

END

BESK1063
BESK1070
BESK1080
BESK1090
BESK1100
BESK1110
BESK1120
BESK1130
BESK1140
BESK1150
BESK1160
BESK1170
BESK1180
BEBK1190
BESK1200
BESK1210
BESK1220
BESX1230
BESK 1240
BESK1250
BESK1260
BESK1270
BESK1280
BESK1290
BESK130w

TaBLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter

PURPOSE

COMPUTES FUNCTION VALUES OF F(U,ALPHA,RHU) FOR RHO > | =

PAPAOUPULOS, 1,84 AND COOPER,H My JRay

1967, DRAWDUANN [N

A WELL OF LARGE DIAMETERY WATER RESOURCES RESEARCH, v, 3,

NO, 1, P, 2d1=244,
PROGRAM BY 8,8,PAPADUPULUS,

INPUT DATA = NNE (R MURE GRUUPS, EACH GRUUP CODED A8 FOLLOWS

1 CARD = FDORMAT(2EL0,5)

ALPHA w Rwa#2%3/RCax2 o RADIUS OF wELL (SCREEN
OR COPEN BORE IN AQUIFER) SQUARED » STURAGE
COEFFICIENT / RADIUS OF CASING (OVER INTERVAL UF
WATER LEVEL CHANGE) SGUARED,

RHO e R/RwW = DISTANCE FROM PUMPED WELL / RADIUS OF
wELL (SCREEN UR UPEN BORE IN AQUIFER), MUST BE

GREATER THAN 0ONE,
1 CARD » FURMAT(16E5,0)

Ue {6 VALUES UF U @ Rax%248/(4aTaTINE) = OISTANCE FRUM
PUMPED WELL SQUARED % 8TORAGE CUEFFICIENT /

& « TRANSMISSIVITY » TIME,

IF LESS THAN 16 DESIRED,

BLANK OR ZERQ VALUES MAY BE CUDED FOR THE KEST,
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
PEAK,SIMP, APEKE EXBSL1,JY0,JY]1,RUNTS = MUST BE I+ DECK,

DIMENSION V(40,40) u(lb)
COMMON XPK, YPK
COMMON/PBLK/A,B,RHD

EXTERNAL EXBSLI

READ (S,16,ENDB1S) ALPHA,RHO
IF (ALPHA) 15,15,2

ﬂﬂﬁi'*ﬂtﬁttittttt*i.ﬁ'ﬁQ*l'itt.tttﬁ**it'tﬂtﬁttﬁlﬁitﬂ"tti*i.*tﬂﬁitt'iQQFAR 26

{
FAR 2
F AR 3
FAR ]
FAR S
FAR b
FAR 7
FAR 8
FaR 9
FAR 10
FAR 11}
FAR 32
FAR 13
FAR {4
FAR 15
FAR 1te
FAR 17
FAR 18
FAR 19
FAR 20
FAR 21
FAR 22
FAR 23
FAR 24
FAR 25
FAR 27
FAR 28
FAR 29
FAR 30
FAR 3t
FAR 32
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2
3

10

1

12

13

19

WRITE (6,17) ALPHA,RHO

WRITE (6,18)

READ (5,19) U

00 14 IIsy,lé

IF (UCII)) 1,144

ASALPHA®ALPHA

Bs0,25/uU(ll)

CalLl APEXKE(EXBSL1)

CALL PEAX(EXBSL1)

IF (XPK-I.OE-B) 5'6|6

WRITE (6,20) XPK,V

G0 10 3

IF (XPXe3,0) 8,7,7

WRITE (&6,21) xPK,U

60 To 3

EPS3(0,000001

HBARERO,007*XPK ,
CALL SIMPS(0,0,XPK,EPS,HBAR,)SUM,DEL,EXBSLY)
xM1!((3.xalsoeesu7.0)1(8.0-(RHO-1.))ft.E-e)tRHO/z.
DX15xXMlw(],0Eeb) #RHD
DXN!(Z.OtS.10159265-RHU)/(5.~(RH0-1.))
DLE3,14159265«RHU/ (RHU=1,)

CALL ROOTS(XM1,DX1,RT1,EXBSLY)
HBARBO ,007#(RT{wXPK)

CALL SIMPS(XPK,RT1,EPS,HBAR, TRM{,ERR],EXBSL1)
SUMBSUM+TRML

DELIDEL+ERR]

X{3RTY

Isl

XMaxi+DL

CALL ROUTS(XM,DXNgX2)EXBSLY)
HBARZ0,007»(X2=X1)

CALL SIMP3(Xx1,X2,EP3,HBAR,TRM,ERR,EXBSLY)
V(1,l)mABS(TRM)

DELSDEL+ERR

Isl+d

IF (I=4d0) 10,10,11

X{sXe

G T0 9

EST=®0,0

Do 12 K=2,4¢0

MEYiwK

DQ 12 Jsi,m
V(KOJ).V(K"laJ’l)'V(K.iaJ)

D0 13 NB{,d0

LaNw]

DELVEZ(@0 ,S)we| aV(N,1)
ESTBEST+(0,5)#DELV

SUM3ISUM=EST

PUARBY, O%RARNRHO®SUM/ 3, 14159265

WRITE (6,22) U(II),8UM,DEL,PUAR
CONTINUE

GUu 10

STUP

FURMAT (2E10,S)

FURMAT ('1',VF(uU,ALPHA,RHO) FOR ALPNA=',{PE13,5,', RHU2!,1£13,5)

FAR
FAR
FAR
FAR
FaAR
FAR
FAR
FAR
FaR
FAR
FAR
FAR
FAR
FAR
FAR
FAR
FaR
F AR
FaAR
FaR
FaR
FAR
FAR
FAR
FAR
Far
FaAR
FAR
FAR
Far
FAR
FAR
FAR
Fak
FAR
FAR
FAR
FAR
FAR
FAR
Far
FAR
FAR
Far
FAR
FAR
FaR
FaR
FAR
FaR
FaR
FAk
F AR
FaAR
FAR
FAR
Far

FORMAY (1HO,$12X,1HU, 10X, BHINTEGRAL,9X, 1UHINTEGRAL ERRUR)6X, L4RF (U, FAR

1ALPHA,RHUI/ZIH )

FORMAT (16ES,0)

FaRr
FaAR
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TABLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued

20 FORMAT (5n XPx®,E15,8,3X,16HTU0 SMALL FOR UZ,E10,3) FAR

21 FURMAT (5H XPK8,E15,8,3X,16HTO0 LARGE FOR Us,E$0,3) FAR

22 FORMAT (1M ,1PUE20,8) FAR
END Far
FUNCTION EXBSLI(X) (X-B]
C'tﬁ*t*ﬁtiﬁ!ﬁi!ttitt*'ttﬁtttitttt*inkttti!Qttttﬂiiﬂ*ﬁtttt'tt'ttﬂttﬁtﬁittﬁﬂl
E81

¢ PURPQOSE Eb}
c COMPUTES VALUES 0OF TME INTEGRAND FQOR F(U,ALPHA,RR(O) EBl
c DESCRIPTIUN OF PARAMETER gEnt
c Xe REAL = ARGUMENT OF INTEGRAND Eut
¢ EBt
Cﬁﬁlttttt.ﬁttﬁiﬂtittttﬁﬂtﬁt*iﬁittttt.ﬂnttiitﬂtttititﬂﬁttt*itt*i'tﬁt#*'ttEB1
CUMMUN/PBLK/ZA,B,R EB1

IF (x) 1,1,2 EB1

1 Ex88L1:0, E81

GO 10 8 Eut

2 W2X/R EBt

IF (wWei 0E7) 4,4,3 EB{

3 FNUSA#CUS(Wa(Re] ,0))»waSIN(N®(Re],0)) EB1
DEE(waweSQRT(R))*(WaWsAnA) EB}
Ex8SL1sFNU/DE EBY

GO YO & By

4 YsBaxeX EB1L

IF (Y'0.0l) 5'5'6 €81

S EXPOBY#(|,0eYa(0,5=Y*((1,0/6,0)=Yx(1,0/24,0)))) Egs

GO TO 7 ERY

& EXPUn] ,0eEXP(mY) EB1

T CALL JYO(“'NJO'NYO) ERt
CALL JY1(w,wl1l,wY)) EBt
AWEBWENYOwANKY] EB1
BwsWNarnJOwAxn]y EB1

CALL JYO(X,BJ0,B8Y0) Ent
FNUMBEXPOR (AwwBJO=BwaBYO) €81
DENBXAXA(AWKANSBWUABW) Ebt

ExBSL 1 SFNUM/DEN EBY

8 RETURN E&Y

END EB1
SUBROUTINE ROQUTS(XM,DX,R0O0T,F) ROO
Ctittttttﬂnitttt*ttﬁﬁttit*Qtttutttﬁtttttﬁtttiﬁtﬁ*ttttutﬁtti!.tttt'ﬂntttiPUO
RUO

C PURPOSE RO
C SEARCHES FUR ROOT OF F IN THE INTERVAL XMwDX TQ XM#DX, RUO
C DESCRIPTION OF PARAMETERS o ALL REAL ROO
¢ XM o CENTER OF INTERVAL SEARCHWED, ROO
c DX e« HALF wIDTH OF INTERVAL SEARCHED, RO
c ROOY » RETURNED ROOT LOCAT]UN, RUL
(o F = FUNCTIUN REFERENCE, ROO
c ROO
C*t'ttﬁtttltﬂﬁtﬁ'ttaQti!tﬁtﬂt*ﬂiﬁitﬁQttlﬁt.*tﬁtttttt.tt*tttiitilui'tiatiROU
XL2XMaDX RUD
XREXM4DX ROO
YL3F(XxL) ROO

YReF (XR) RODO
EPZ0,000001wABS(YL) RUU

DO 9 Is1,200 RO

YMBF (XM) ROU
UPSABS(YM) RO

IF (UPLT,EP AND UPLT,1,0De7) 6O TO ROO

IF (YM) 243,2 RUO

3
]
9s
Qb

s P G P Gl Gt P G i
CINTTUALEWWNECOO O NE N -

N ne
Ll =]

LY VR, VA, VI, V)
o N e Wi

NN
O ®~

16
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TaBLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued

1 ROUT=XM ROO

GO TO 10 ROO

2 IF (ymayL) 7,3,4 ROU

3 ROUTSXL RO

GO T0 {0 RUQ

4 IF (YMwYR) 8,5,6 RUC

5 ROOT=XR ROO

GO TO §o0 RON

6 WNRITE (6,11) xiL,XR RUD
8TOP RGO

7 XR8XM RQO
YRaYM ROO

GO 10 9 RUO

8 Xi3axMm ROU
YLEYM ROO

9 XMBE(XL¢XR)/2,0 ROO
ROQOT=EXM ROO

10 RETURN ROO

¢ ROO
11 FORMAT (1M ,10X,27HND ROOT IN INTERVAL XMeDX =,{PE20,8,SX,11HAND XR0O
{Me0X 3,{PER0,8/) RoO

END ROD
SUBRUUTINE APEKE (EXBSL) APE

RN R AR A AR AN AR AR R AN AR AR R ANAN T AN AR NARRANKNARAANANRRNRARCR R AR AR Rk R A a AR APE
c APE
c PUKPOSE APE
c GETS FIRST APPROXIMATION TO PEAK POSITION APE
c APE
CRRRANA RN AR AR R R AR R R AR A RN AN RN RR R AR AN AN R AR AAARSANAN R RN RANARR AN RN AR n v APF
COMMON XPK,TPK AFPE
XPX=0,0 APE
YPKE0,0 APE

D0 2 181,17 APE
X810,0%%(1e9) APE
YSEXBSL(X) APE

1 XPKEX APE
YPK=mY APE

2 CONTINUE APE

3 RETURN APE
END APE
SUBKROUTINE PEAK(EXBSL) PEA

RN RN AR AR R A AN R R NN AN R AN RARRNN AR RN R A AR O AR R AR RANARRRARAAARANAAN RN NN AR AdaPEA
c PEA
o PURPQOSE PEA
c ATTEMPTS YO FIND POSITION UF MAXIMUM FOR INTEGRAND PEA
¢ PEA
AR AR RN AR AR A RN NN AN R AN N AN R AR AR AN R AR AR ANRANNANARRRAARANE AR RARNANAN AR APEA
COMMON XPK, YPK PEA
YPKBEXBSL (XPK) PEA

oo i3 Lm1,200 PEA
DXBQ,01nXPK PEA
XLOXPK=»DX PEA
YLBEXBSL(xL) PEA
XREXPK+DX PEA
YREEXBSL (XR) FEA
DENBYR4Y_ oYPKeYPK PEA

IF (DEN) 1,9, PEA

1 XeXPKw(,S«(YReY|_ )#DX/DEN PEA

e IF (X)) 3,4,4 PEA

23
24
2%
26
el
c8
29
30
34
3
33
34
35
36
37
38
39
40
41
42
43
e

- e
N OO QA V0 N £ Wi

13
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TAME&Z—Lmhgdﬁngmmsmramﬁmndea@vﬁmnaﬂdUpwwmumgwdldﬁmwdmmdw—CmMde

3

x20,0

4 YREXBSL (X}

~ o v

o O >

11
12

13
14

IF (YReY) 6,6,5
Yayr

XZXR

IF (YL=y) 8,8,7
YsyL

Xsxl

IF (y=YPK) 14,14,12
IF (YReYPK) 11,10,10
X2XPX+DX¢DX

GO TO 2

XsXPKaDXeDX

GO 1O 2

YpKzy

XPKEX

CONTINUE

RETURN

ENO

SUBRUOUTINE SIMPS(Q,R,EPS,HBAR,AREA,DEL,F)

PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA
PEA

S1im

Ctﬁtﬂttﬁtltﬁtilt.tﬁ.ﬂttti'ﬂtﬂitﬁttﬁ*ﬁl'*iQiit*t*ﬁﬁﬁ'ﬁ'ﬁﬁ‘*l*tti*i'ﬁi'tﬁﬂslM

c
c
c
¢
c
C
c
¢
c
¢
c
o
¢
c
c
c
c
¢
c
c
¢

PURPOSE

TO DETERMINE THE INTEGRAL UF A FUNCTION, F,

USING SIMPSON'S RULE,
DESCRIPTION OF PARAMETERS
ALL REAL

QO « LOWER LIMIT OF INTEGRAL
R = UPPER LIMIT OF INTEGRAL

EPS = DESIRED ACCURACY

HNBAR = MINIMUM DIVISION OF THE INTERVAL

FROM @ Tu R,

AREA =» COUMPUTED VALUE UF INTEGRAL BETWEEN O AND R

DEL = COMPUTED ESTIMATE UF ERRUR
Fe THE INTEGRAND (FUNCTIUN REFERENCE)

METHOO

8Im
SiM
8Im
8im
SIM
Sim
Sim
SIM
SiM
8IM
Sim
SIm
SIM
Sim

USES SIMPSON'S RyULE TO CUMPUTE A SUM APPRUXIMATING THE [NTEGRALSIM
USES INTTIAL He(Rel)/2, COMPUTES A SEQUENCE UOF SUMS BY MALVING 8IM

H EACW TIME, CUMPUTES ESTIMATE OF ERROR (DEL) AS (PREVIOUS

SUM e CURRENT 8SUM)/15, COMPUTATIUN STOPS wHEN 1) HCHBAR,

2) ABS(DEL)CABS(EP3nCURRENT Sum),

THEN HBARE ,007#(Re4),

HaReQ

IF (H) 1412
AREAS0,0
NDEL=0,0

GO 10 10

C R MUST BE GREATER THAN U

2

(V]

sPs),0E35
$3s0,0
S13F (W) ek (R)

IF (rBAR) 3,3,4
HBARS0,007%H
8280,0
XZBUH0,45H
8223244, 0#F (X}
X8 XéH

IF (Xx®R) S545,6
SC8(31482+483)xHx0,16666667

IF HBAK I8 LE 0,

SIm
S
Sim
SiM
81m

AEARARA AR AN AR R AR AR AR AR R AR AE AR R AR AN ANA NN AAARANARRARAR R RARN N A AR A ARSI A RN RAS M

SIm
Sim
SIm
Sim
SIM
SIm
SIm
S1m
™
SI™
Sim
Sim
SIM
SiM
Sim
Slm
Sim

20
21
22
el
e4
as
26
27
28
29
30
3
32
33
34
i5
36
37
3a.

" A s e S a oo pn
CENTANEWAN~ O OEENATRLE N -

[V YV V]
wiih e O

YAV
W =

oo
-0 0®20

WA
EwnN

w
un

B £ W e W
-0 0 No
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TABLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued

DEL®O,0666606674(SP=SC) SIM

IF (ABS(DEL)=ABS(EPS«SC)) 7.,8,8 SImMm

7 AREAZSCwOEL SIM

G0 TU 10 SIM

8 93883+0,5482 SIM
He0,5%H 8Im

1F (H=HBAR) 7,9,9 SIim

9 SpeSC SIm

GU T0 4 SIm

10 RETURN SIM
END SIM
SUBRUUTINE JYO(X,J0,Y0) Jvo
Ctﬂttittitﬁnttiiﬁt*ﬁﬂﬁttittittﬁtﬁtﬁ!tttitttttt*tlﬁﬂ*tiﬁt'ittni'tﬁi!nitttJVO
Jyo

¢ PURPOSE Jyo
c COMPUTES BESSEL FUNCTIUNS UF THE FIRST AND SECOND KIND, JYo
c 2ERQ URDER, FOR PUSITIVE ARGUMENTS, . dve
o SEE NBS AM8 55, P, 369w370, JYo
¢ DESCRIPTION UF PARAMETERS e ALL REAL JYo
¢ Xe ARGUMENT, MUST BE >0 Jyo
¢ JO ® RETURNED FUNCTION VALUE, JO(X) JYo
c YO o RETURNED FUNCTION VALUE, YO(X) Jyo
c JYo
RN R AR A AR R R AN AN AR AN AN RN AR I AR KRR RN AN ARARRRRANRAANARRRARRAN R AR AN RN Ak ]Y
REAL JO Jyo

IF (xw3,0) $,2,3 JYO

1 IF (X) 4,4,2 Jyo

e Z8{0,33333333ax)2a? JYo
J0B1,0=Z%(2,2399997eZ+(1,2656208ew(0,3163866eZw(0,0444479e24(0,00JY0
15vu~a-0.0002i~2)))i) Jye
Y080,636619774AL0G(0,54X)I%J040,367466014+2¢(0,60559366w2%(0,7435038JY0
10-1*(0.25300117-2*(0.0426121“-1*(0.00027916-0.0002“806tl))))) Jyo
RETURN Jyo

3 283,0/X Jyo
F80,797884S56m7n(0,7TEw6424(0,0059274eZn(0,000095120Z¢(0,00137237=2JY0
1%(0,00072805=0,00014476%2))))) JYo

PE0, 78539816¢z-(o 04166397+Z%(0,00003954wZ2(0,00262573=Z2(0, ooosatJvo
125¢Z2(0, oooeosss-o 000313558%2))))) Jyo
OsSWRT(1,0/X) JYO
Jo-uaFnCOS(X-P) JYo
YOSQrFaSIN(Xeap) JYO

4 RETURN Jvo

END Jyo
SUBROUTINE JY{(X,J1,Y1) Jvi
Cﬁiﬂﬁtﬁtttttti*ﬁQQ*QQ*tttttttttﬁttﬁt*ttttttﬁtﬁtttittt'ttttttﬂt*tttﬁiii*ﬁJY1
Jyy

c PURPOSE Jyy
¢ COMPUTES BESSEL FUNCTIONS OF THE FIRST AND SECUND KIND, JY
c FIRST URDER, FOR POSITIVE ARGUMENTS, Jyy
c SEE NBS AMS SS, P, 370, Jyi
¢ DESCRIPTIOUN OF PARAMETERS e ALL REAL Jyi
€ Xo ARGUMENT, MUST dE >0 Jyi
¢ J1 = RETURNED FUNCTION VALUE, Ji(X) Jvi
E Y1 « RETURNED FUNCTION VALUE, Y1(X) Jriy
Jyi
Ct*ﬁﬁiktﬁﬂtt.ttttttﬁiﬁtttii'ﬁiittttﬁﬂﬁtﬁtttittttﬁ*twti.tt!ﬂtﬁitﬁ"tittt*JV1
REAL J1 Jvi

IF (xe3,0) 1,2,3 Jyi

1 IF (X) 4,4,2 Jyy

2 78(0,333333334X) 442 Jvi

42
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o
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c
c
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TABLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued

JIRX#(0,5=24(0,56249985e24(0,2109357302Z4(0,03954289=24(0,00443319eJY1

1Z#00,00031761%0,00001109%2)))))) Jvg
Y180,063601977wAL0G(0,SaX)nJ1¢(=0,6366198420(0,2212091¢Z%(2,1682709JY1
1e20(1,3164827024(0,31239518Z2(0,0400976«0,002787322))3))))/X Jyi
RETURN Jyi

3 Zs3,0/X Jyy
FBO, 797884564729 (0,156E«5+2a(0,010659667+¢2#(0,00047305Z#(0,00249511JY1
12Z%(0,00113653w0,0002003322))))) Jyi
PR0,T78539816eZ4(0,12499612+2#(0,0000565«Z2(0,00637879«Zw(0,0007434JY1
1842%(0,00079824e0,00029166%2))))) Jyi
G8SQRT(1,0/X) Jyt
JIBQnaFa8IN(Xep) Jvi
Yi8=QaF2COS(XaP) Jyt

4 RETURN Jyi
END Jyi
CANR R AR AR AR R R RN R A A AN RRNANANR R AR RN R AANARNARARA N AR AR ENARRIR RN aRnnaFUA
FUA

PURPUSE FUA
COMPUTES FUNCTJION YALUES OF F(UW,ALPHA) = Fua
PAPADOPULDS, 1,8, AND CUQPER)H HspJR,, 1967, DRAWOOWN IN FUA

A WELL OF _ARGE DIAMETER) WATER RESQURCES RESEARCH, Vo 3y FUA

NO, {s P, 241w244, FUA
PRUGRAM BY 8,8,PARADUPULOS, FUuA
INPUT DATA » ONE DR MORE GROUPS, EACH GROUP COUDED AS FOLLOWS FUA

1 CARD e FORMAT (E10,5) FUA

S @ (ALPHA) @ RWax2a8/RCan2 o RADIUS OF WELL (SCREEN Fua

OR OPEN BORE IN AQUIFER) SQUARED % STYORAGE FUA

COEFFICIENT 7/ RADIUS UF CASING (OVER INTERvaAL UF FUA

WATER LEVEL CHANGE) SQUARED, Fua

1 CARD o FORMAT(16ES,0) FUA

Ue §6 VALUES UF Uw o Rwxs28S/(d2xTaTIME) = RADIUS OF . FUA

PUMPED WELL SQUARED # STORAGE COEFFICIENT / Fua

4 » TRANSM]ISSIVITY » TIME, IF LESS THAN 16 DESIRED, FUA

BLANK OR ZERQ VALUES mAY BE CODED FOR THE REST, Fua

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED Fua
PEAK)8IMP, APEKE EXBSLE,JYO0,JY! = MUST BE INCLUDED IN DECK, FUA

FUA

AN AR AR AR AR AR R AR AR AR AR RACANR AN R AN N ANRAAARARAARRRARANARR R AR RN v eF UA
COMMON XPK, YPK FUA
COMMON/PBLK/A,B FUA
EXTERNAL EXBSLZ2 FUA
DIMENSIUN U(16) FUA
EPS=®0,0008 FUA

{ READ (S,313,ENnDE12) 8 FuA
IF (8) {s1s2 FUA
2 READ (Sy»14) U FUA
WRITE (6,15) 8 FUa
D0 1Yy Isy, 16 FUA
uwed(l) Fua
IF (UW) 1,1,3 FUA
3 8m0,25/Uw FUA
Az8+8 Fua
CALL APEKE(EXBSL?) FuUA
calLlL PEAK(EXBSL2) FUA
IF (xPKe{ ,0E®8) 4,5,9% Fua

4 WRITE (6,16) UW,8,XPK,YPK FUA
60 TO0 ! Fua
§ IF (xXPKel,0tE8) 7,7,6 FUA
6 WRITE (6,17) UW,8,XPK,YPK FUA
6U TO 1} FUA

7 HBARSBQ,0074XPK Fua

18
19
20
el
22
e3
24
2%
26
ev
28
29
30
3
32-

O® NN WN -

10

12
13
14
1%
16
17
18
19

21
22
23
24
25
26
27

29
30
31
32
33
34
35
36
37
38
39
40

ue
43
44
4S5
46
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TaBLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued

CALL SIMPSCQ,0sXPK,EPS,HBAR,SUM,DEL,EXBSLR2) FUA
X23XPK Fua
DXEXPK FuUa

8 Dx310,080X Fya
X13X%X2 Fua
X28X1+0X Fua
YsEXBSL2(x2) FUa
HBAR=0,007#Dx Fus
CatlL SIMPS(X1,X2,EPS,HBAR,TRM,ERR,EXBSL2) Fua
SUMBSUMe TRM Fua
DEL3DEL+ERR FUA

IF (x2=1,0E9) 9,10,10 Fua

9 YT=],5707963/x2x%u Fua
IF (ABS(Y®YT)/YTe(0,S5E=b) 10,8,8 Fua

10 EST®0,52359878/x2#+#3 FUA
SUMBSUMIEST EUA
FUNSSB3,2UR22779%#34383UM FUA
WRITE (6,18) UW,SUM,DEL;FUNS,XPK.VQK FUA

11 CONTINUE Fuh
60 T0 Fua

12 8STLP FUA
FUA

13 FORMATY (E10,9%) FuUA
14 FORMAT (16E5,0) FUA

15 FORMAT (VL' tF(UWN,ALPHA) FOR ALPHAR! j1PELU,S/101,TX,tUW!, 12X, ' INTEFUA
tGRAL', 5K, 'INTEGRAL ERROR!,SX, VF(Uw,ALPHA)!,8X, "X (PEAK)',)10X, 'Y(PEAFUA

FTSRNANED) FUA
16 FORMAT (iH ,1PE14,7,9%X,348VALUES OF DUMMY VARIABLE TOO SMALL,IPE2SFUA
1.7¢1PELT,T) FUA
i7 FORMAT (in ,iPE1&,T)5X,345VALUES OF DumsY vARIABLE TOU LARGE,(PE2STUA
1.7+1PELT,T7) FuaA
18 FORMAT (1M ,1PE14,5,1PSE1T7,5) , Fua
END Fua
FUNCTION EXBSL2(X) (1Y
Cﬁtti'tﬂi.ttltttittﬁﬂ.ttt*tt.*ﬁﬂttttttﬁttﬁﬂt.ﬁ*tti'ttﬁ*tt.'tttﬁ'iQﬁlﬁiﬁtiez
EB2

PURPOSE €EB2
COMPUTES VaALUES (F THE INTEGRAND FOR F{UW,ALPHR) EB2
DESCRIPTION (OF PARAMETER EBQ
Xe REAL @ ARGUMENT OF INTEGRAND kB2

EB2
iﬁtﬂtiﬂtitt!tttitt.ﬁttttﬁt*tiiQ'ttti*ttinhtla'*it*ittit'i'*tﬁ*ttlﬁttti*[ﬂ?
COMMON/PHLK /A, B €82

IF (X) 1,1,2 EBe

1 ExBSL280, £E82
GO Y10 8 EB2

2 IF (Xe{ E47) usd,3 tB2
3 EXBSLE®Y|,ST07963/%nnd g8
GO T0 8 EB2

4 YsBaXwX EBe
IF (Y®,01) 5,5:6 EBe

S FNUMBYWR (| oYa( ,SaYn((1,/6,)eYn(],/24,)))) €82
GO YO 7 €Be

6 FNUMB) ,<EXP (eY) Es2
7 CALL JYO(X,HJ04BYO0) EB2
CALL JY1(X,BJ1,8Y1) €82
DENS((X4BJOwAABIL)aw24(XaBYOwARBY )an2)aXun} g8
EX8SL2sPNUM/DEN EBR

8 RETURN EB2
END EBe

47
48
49
50
St
S
53
54
55
56
57
58
59
60
61
62
63
64
6%
66
6?7
68
69
70
1
72

e e o ta ba et s e o
OGN O ODNECWNEWN

L VR VI, VIR,V
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o e
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TABLE 9.2.—Listing of program to compute change in water level due to sudden tnjection of a slug of water into a well

c****ﬂ*t'tﬂ'.ttt.ﬂi.ttil..iiiiii!"itit.tt'tﬁtttt.'ttnﬁ*t!l'ﬂtttt""t‘ FBA

c
¢
c
c
c
c
¢
c
¢
c
¢
¢
¢
¢
c
c
¢
¢
c
¢
¢
¢

e Nl

s vl v

o w®-~ o

PURPOSE

COMPUTES FUNCTION VALUES OF F(BETA,ALPHA) » THE SLUG TEST
FUNCTION = COOPER,H,HqyJR,, BREDEHDEFT J.0,s¢s AND PAPADOPULOS,
1,8,, 1967, RESPONSE OF A FINITE=DIAMETER WELL TU AN
INSTANTANEQUS CHARGE OF WATERY WATER RESOURCES RESEARCH,

Ve 3, NO, 1, P, 263269,

PROGRAM BY 8,8,PAPADDPULOS,
INPUT DATA

1 OR MURE CARDS « FORMAT(F{6,S)

A = (ALPHA) = RW#n2#8/RCa%2 e RADIUS OF WELL (SCREEN OR
OPEN BORE IN AQUIFER) SQUARED * STURAGE COEFFICIENT
/ RADIUS OF CASING (OVER INTERVAL OF WATER LEVEL

CHANGE) SWUARED,

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
PRX,0JY0,DJY1,D3IMPS =« MUST BE INCLUDED IN DECK

METHOD

FBA
FBa
PBA
FBA
FBA
FBA
FBA
FBA
FBA
FBA
FBA
FBA
FBA
FBA
F8A
FBA
FBA

THI8 PROGRAM CALCULATES THE SLUG TEST FUNCTION, F(BETA,ALPHA), FB&

FOR VALUES OF BETA RANGING FROM 0,001

BETA ACCORDING TO DAYA ARRAY BB(I). AVE
18 ABOUY 30 SECONDS PER VALUE OF ALPHA ON IBM 3607155,

AR RN R AR R AR RN R R RN AR AR AN R R AN R AN R AN A AN R R P AAN AR AR AR AR AR AR AR AR AR AN
DOVBLE PRECISION A,8,P1,2Z,EPS8,Y,X1,X2,TERM,FAB,DATAN,DEL ,HBAR

DIMENSIOUN Z2(u0), BB(39)
COMMON A,B,Pl
EXTERNAL PRX

DATA 22/0,0¢0,1,0210,1,D%9,1,0=8,1,0%7,1,0%6,1,De5,1,0=4,

1 1403,1,0%2,1,0°1,2,004,3,001,4,0%1,5,0%1,6,Dm1,7,0=},8,D=y,
e 9,021,131, 000,2.000.3 D+0,4,D¢0,5, 000.5.000,7 De0,8,0¢0,
3 9,0¢0,1,0¢1,2,0¢1,3,091,4,0¢1,5,0¢8,6,0¢1,7,0¢1,8,D¢1,
4

9,0¢1,1,0¢2,1,25042,1, 5002/

1000 0 BY.INCREMENTINGFBA
IMPUTATION TIME

F8A
FBa
FBA
FBA
FBa
FBaA
FBA
F8A
FBaA
FBA
FBA
FBA
FBaA

DATA BB/,OO!,,002,,004,.006;,008;.01..020,00..06:.08;.1:.2;.“:.6:.‘9‘
15o1..2.;3.;“.,5.,6.;7.;8.,9.;10.020.'30.'QO.pSO.pbO.;70.;80.:90..1FBA

200.'200.0400.;600.o800.o1000./
PIs4 ,#DATAN(],00+00)
EPSl0.0000!
READ (S,86) A
IF (A,LE,0,0) GO TO S
WRITE (6,7) A
WRITE (6,8)
DO 4 Im=i,39
8mBB(I)
¥80,0
DO 2 L=i,39
X18ZZ(L)
XesZZ(L+})
HBARSO,
CALL DSIMPS(X1,X2,EPS8,HBAR,TERM,DEL,PRX)
YSY+TERM
IF (LoGT,20,AND,TERM,LT,EPS) GO TU 3
CONTINUE
FABBY ,wArY/(PlePl)
WRITE (6,9) B,FAB
GO 101
STUP

FORMAT (F16,5)

FORMAT ('1',41X,'F(BETA,ALPHA) FOR ALPHAS',1PD9,2/)

FORMAT (V0! ,S3X, IBETA!, 13X, 'H/HO!/)
FORMAT (! ',S1X,1PD8,2,10X,0PF6,4)
END

Fea
FBA
Fea
FBA
FBa
FBaA
FBaA
FBA
FBA
FBa
FBaA
FBA
FHA
FBA
FBA
FBA
Fué
FBaA
FBaA
FBA
FBA
FBA
FBA
FBa
Fiod
Foa
FBA
FBA
FBA

DD®LC AL AN
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CRNR AN RN AR A AN RN NN AN A RN AR R RN RARARANRARANNRARANARKRAR RN R ARARRA RN RAANS

c
c
c
c
c
c
c

Continued

DOUBLE PRECISBION FUNCTION PRX(X)

PURPOSE

COMPUTE VALUES OF THE INTEGRAND FOR F{BETA,ALPHA)

DESCRIPTIUN OF PARAMETER

X » DUOUBLE PRECISIUN » ARGUMENT OF INTEGRAND

ARRARANRNRARNRA AR NI ARARI R ARRNAARA AR RNRANRRARNRRAAARRARNRAANRAR AR A AR N AR
DOUBLE PRECISION AyB PRI, XXy Xy,CpF1,F2,J0,Y0,J1,Y1

DOUBLE PRECISION DOLOG,D3QRT,,DEXP
COMMON A,B,P]

XXBDSURT(ANX/B)

IF (X) 6,12

PRXS(PI#P1)/(16,%A%B)

GO TO &

IF (X.LT,150,) GO YO 3

PRXS0,0

6L Tu &

IF (xX,6T,0,0001) GN TO 4
CeDEXP(S5,77215664%0e01)/2,
FisPIaxw(]l,eA)
FasxaDLOG(CaCuAaX/B)e+d 1B
PRXS(BuPIaPIwNEXP(=X) )/ (A (FinFleF24F2))
60 10 ¢

IF (XX,LT,50,) GO 10 S
PRXE(PI®DEXP(wX))/ (2, #aXXR(X¢U,®A%B))
GO 10 e

CALL DJYO(XX,J0,Y0)

CALL DIYI{XX, 08,4}
Fis(xXaJ0w2, ,mAnJ]1)

Fex(XXueYQw2 ,nAwy})
PRXSDEXP(aX)/(Xn(F12F1eF2eF2))
RE TURN

END

SUBROUTINE DJYO(X,J0,Y0)

PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRxX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX

Dowv
rna

PRX
PRX
PRX
PRX
PRX

0Jo

AR RARARRARR R AR AR AR AN N AR R RR R AR AR R R AR NN R AR KRR RN AR RARARRRA N R ARk ntntnD]JO

c
c
¢
o
c
c
¢
c
¢
¢

PURPOSE

COMPUTES BESSEL FUNCTIONS QOF THE FIRST AND SECUND KIND,

ZERO ORDER, FOR POSITIVE ARGUMENTS,

DESCRIPTION UF PARAMETERS = ALL DOUBLE PRECISIGON

Xe ARGUMENT, MUST BE >0
JO = REYURNED FUNCTION VALUE, JO(X)
YO @ RETURNED FUNCTION VALUE, YO(X)

IF (“3.0) 1'253

1 IF (x) 4,4,2
e Ze(X/3,0)%u2

0Jo
DJo
DJo
0Jo
DJO
DJo
bJo
0Jo
bJo

AR R RN RRARA RN AR R AR AR R R RN RRRANARAAANRANRRRARAANR AR AR AR AR AWk nawwxDJ0
DOUBLE PRECISION Z,J0,Y0,F,P,G,U,wyX,0L06,0C08,DSIN,O8GRT

DJO
DJo
0Jo
0Jo

JO®! ,0eZ%(2,2499597eZ2(1,2656208w2#(0,3163866mZn(0,0444479=Z2(0,000J0

139444=0,0002142Y))))
wa(0,500) X

DJo
DJo

Y030,63661977«4DLUG(W)#2J0¢0,36746691+24(0,60559366wZ%(0,74350384~22DJ0

1(0,253001172Z#(0,00261214eZ%(0,0042791620,00024846%2)))))

RETURN

} Zu3,0/X

bJo
0Jo
bJo

F20,79788456020(0,770mb¢Zn(0,005527442%(0,00009512+2%(0,0013723720J0

1¢(0,00072805=0,00014476%2)))))

vJo

P80,78539816+22(0,0u1663974¢2Z#(0,000039542%(0,00262573%24(0,0005410J0

125¢Z#(0,00029333e0,00013558%2)))))

DJo

-
-0 O @~ WE W

. s e e e s
O~ NEWN

LSRR,V
N o

wWwidvhuNnNNNVD
DO O0®~NO0 U E W

L W
s e

35e
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TABLE 9.2.—Listing of program to compute change in water level due to sudden injection of a slug of water into a well —

Continued

Us(1,000)/x 0Jo 28
QsDSQRT(U) DJo 29
JOBQxFaDCUS(XaP) Dyo 30
YORBUNFADSIN(XwP) 0Jo 31

4 RETURN bJo 32
END DJ0 33~
SUBRUUTINE DJY1(X,J1,Y1) oyt 1

CARNR R RN A NI R RRR R AR DA AR R ARRA AN AR ARNAR RN RANRARRRANARNRRRRARANRR AN AR AR Nk enDJ] e
DJ1 3

o PURPOSE DJ1 4
o COMPUTES BESSEL FUNCTIONS OF THE FIRST AnD SECOND KIND, DJ1 S
c FIRST URDER, FOR PUSITIVE ARGUMENTS, DJ} 6
c DESCRIPTIUN OF PARAMETERS e ALL UOUBLE PRECISION LJ1 7
c Xe ARGUMENT, MUST BE >0 bJi 8
C Ji = RETURNED FUNCTION VALUE, JI1(X) 0J1 9
(o Y! o RETURNED FUNCTION VALUE, Y1(X) bJdy 10
c oJy 11
CARANA AR AR AN AR A AN AR A AR AR AR AN AR R R AR R ANN AR R AN AN AANNARNRARN AR NN R AR R RA N dnDJ] 12
DOUBLE PRECISION X,J1,»Y3,2,%,0L06G,F,P,U,Q,08QRT,DSIN,OCUS DJ1 13

IF (x=3,0) $1,2,3 CJ1 14

1 IF (X) 4,4,2 DJt 18

2 In(X/3,0)nn2 0dt 16
JIBXR(0,Sm2%(0,562U9985=2w(0,21093573wZn(0,03954289%2w(0,00443319=DJ1 17
1Z#(0,000317610,00001109%2)))))) DJt 18
wa(0,500) X buy 19
Y130,63661977#0L0G(w)sJ1¢(w0,6366198¢Z0(0,221209142%(2,1682709«Z%(DJf 20
11,316U82722%(0,3123951=2Z#(0,0400976=0,002787342))))))/X DJ1 2t
RETURN DJ1 22

3 Ze3,0/x 0Jy 23
Fa0,79788uS6¢Z%(0,156D=5¢Z#(0,01659667+¢2¢(0,00017105«2#(0,00249511DJ1 24
1w2%(0,00813653=0,0002003322)))1)) bJy 2%
P30,78539816w2%(0,12499612+42Z%(0,0000565eZx(0,00637879=2%(0,00074340J1 26
1842%(0,00079824m0,00029166%2))))) oJy 27
Us(1,000)/X 0Jy 28
Q=DSART (V) DJ1 29
JIBGnFADSIN(XwP) DJtf 30
YiseQuFaDCOS(X®=P) DJt 3t

4 RETURN 0Jy 32
END 0Ji 33e
SUBROUTINE DSIMPS(A,B,EPS,HBAR,AREA,DEL,F) 081 1
CARNRR RN R R NN AR KRR A AR RR A AN AN RN R A AR AR AR KA NRRANRANRRARAANN AR R AR AR nr e nannDS] Fd
c DSI 3
c PURPOSE ps81 [
c 70 DETERMINE THE INTEGRAL OF A FUNCTION, F, FRUM A TU B, D8I 5
c USING SIMPSON'S RULE, DED 6
c DESCRIPTION UF PARAMETERS D8} 7
c ALL DOUBLE PRECISION 08! 8
c A e LONKER L IMIT OF INTEGRAL D81l 9
c B8 o UPPER LIMIT OF INTEGRAL 081 o
(o EPS » DESIRED ACCURACY psr 11
c HBAR » MINIMUM DIVISION UF THE INTERVAL D81 12
¢ AREA « COMPUTED VALUE OF INTEGRAL BETWEEN W AND R D8l 13
c DEL = COMPUTED ESTIMATE UF ERROR ps1 4
(o Fw THE INYEGRAND (FUNCTION REFERENCE) 081 1§
c METHOD DSI {6
c USES SIMPSON!S RULE TO COMPUYE A SUM APPROXIMATING THE INTEGRALDSI 17
c USES INITIAL H=(BeA)/2, COMPUTES A SEQUENCE OF SUMS BY HALVING DSI 18
¢ M EACH TIME, COMPUTES ESTIMATE OF ERROR (DEL) AS (PREVIOUS ps1 19
C SUM = CURRENT 8UM)/1S, COMPUTATION STOPS WHEN 1) HCHBAR, bs1 2o
(o 2) ABS(DEL)ICABS(EPS=CURRENT SUM), IF HBAR I8 LE 0, 081 21
c THEN HBARN ,007#(B=A), 081 2¢e
c 081 23
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TaBLE 9.2.—Listing of program to compute change in water level due to sudden injection of a slug of water into a well —
Continued

AR AR RN AR AR AR AR R AR IR AN AR N R AAN AR A AAN AR RN R R AANRRRRRRANRRAR R R tnenrnDE]

c
c

AR R R AN IR A AR AR AR RN AR R AR A AR AR R AR A RN AR KA AN RAR AN AN EARAARRANARARARRAAARRARAR

OO0 NOO0

DOUBLE PRECISION H,HBAR,AREA,DEL,81,82,83,9C,8P,X,A)B,EPS8,F,0AB8
AREA OF F FROM A TO B,EPS I8 DESIRED ACCURACY,

ALLOWABLE INTERVAL, DEL THE ESTIMATE OF THE ERROR

©

L=

HaBeA

IF (H) 1,1,2

AREA®Q,0

DEL®0,0

60 fo 10

SPs§ ,003S

8§380,0

S1sF (A)+F (b)

IF (MBAR) 3,3,4

HBAR®O ,007#H

82s0,0

XSBA¢(0 SwH

S2832+4,04F(X)

XBXeH

IF (xeB) §,5,6
SCH(S1+82+83)aMn0,16666666667
DELB0,066660660667+(8PeSC)
IF (DABS(DEL)=DABS(EPS#S8C)) 7,8,8
AREASSC=DEL

GO T0 {90

$3883+0,5+82

HEQ,SuH

IF (HeHBAR) 7,9,9

Spa§C

GO T0 4

TaBLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer

PURP(QSE
COMPUTES CHANGES IN WATER LEVE

LEAKY AQUIFERS = EuWy 3 UF MOENCH,ALLEN,1971, GRUUNDeWATER
FLUCTUATIONS IN RESPONSE TO ARBITRARY PUMPAGES GROUND wWATER,

V.Q. NOs2,P,dm8,
INPUT DATA + (ONE OR MORE GROUPS,
1 CARD o FORMAT(2E10,5,4X%,I11,5
TBEGIN e SMALLEST VALUE O
TEND o LARGEST VALUE OF T
10 e INDICATES FORM OF DI
10s¢,2,3 REFER 71O O}
MANTUSH,M,8,, 19064,
vEN TE, €EO0,, ADVANCE
ACADEMIC PRESS INC,,

HBAR THE MINImMuUM

Ly MC(R,T), IN RESPUNSE TO
VARYING DISCHARGE USING THE CONVOLUTION INTEGRAL FUR

EACH GROUP CODED A8 FULLUWS

XyE10.5)

F TIME FOR QUTPUT,

IME POR QUTPUT,

SCHARGE FUNCTION, G(T),
SCHARGE FUNCTIONS 1IN

HYDRAULICS OF WELLS IN CHOW,

8 IN HYDROSCIENCE, VUL,
NEw YORK, P, 281w442,

i

108y, O(T) IS AN EXPUNENTIAL FUNCTION, CASE A,

P, 343 OF HANTU

102, Q(T) I8 A HYPERBULIC FUNCTION, CASE &,

P, 344 OF HANTU

8H,

SH.

1083, Q(T) I8 AN INVERSE SQUARE ROOT FUNCTION,

CASE C, P, 344

UF HWANTUSH,

08I
091
08I
V.34
081
D8I
DS§1
081
Ds1
081
081
D8I
b8!
D81
DSs1
Ds1
081
081
D81
b8l
081
08I
081
081
08l
031
D8l
081
D81T

D8I

HRY
HRT
MRT
HRT
HRY
MRT
HRT
MRT
HRT
HRY
HRY
HRT
MRY
HKT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT

24
23
26
27
28
29
30
31
32
33
34
38
36
37
38
39
40
41
Y
43
44
4s
46
7
48
49
50
sy
52
53
Sue

O 20 N £ w e
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c
¢
¢
¢
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¢
c
c
¢
c
¢
c
¢
¢
c
c
¢
c
c
c
c
¢
c
c
c
¢
c
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c
c
¢
¢
c
¢

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

104, Q(T) I8 A FIFTHeDEGREE POLYNUMIAL,
1085, QG(T) I8 A PIECEWISE LINEAR FUNCYION OF
TIME (EIGHT SEGMENTS),

QR = REFERENCE DISCHARGE, ZERD OR BLANK FUR PRQJECTION,

§ OR 4 CARDS, DEPENDING UN 10,

IF 10s1,2,3 = § CARD » FORMAT(3EL10,3)
QST = EVENTUAL CONSTANT DISCHARGE,
DELTA @ RATE PARAMETER,
TSTAR o TIME PARAMETER,

IF 10md « | CARD = FORMAT(6E10,3)
AQ(6) o &6 VALUES = THE POLYNOMIAL COEFFICIENTS

WITH AO FIRST AND AS LAST,
IF 1085 = 4 CARDS e FORMAT(6EL10,3)

TICI)ATCT)4BICI) TI(T 01 AlCLe1),BL(101),1m1,3,5,7

PARAMETERS OF THE PIECEWISE LINEAR FUNCTION
(8 SEGMENYS), CODED 2 SEGMENTS PER CARD, FIRST

AND SECOND BEGMENTS ON FIRST CARD, THEN SEQUENTIALLY

ON SUCCEEDING CARDS, EACH SEGMENT HWAS THREE
PARAMETERS WHICH ARE IN CODING ORDER

TI = ENDING TIME OF THE SEGMENT,

Al « DISCHARGE AT eeczNNIN& OF SEGMENT,

Bl = RATE OF CHANGE IN DISCHARGE DURING SEG,

THE DISCHARGE FUNCTION IN EACH SEGMENT HAS THE

FORM Q(T) = AIC1)+BL(I)#(TeTI(I®i)), IF LESS THAN 8

SEGMENTS ARE NEEDED, BLANKS CAN BE CODED FOR
SUCCEEDING SEGMENTS,
¢ UR MURE CARDS = FORMAT(4EL0,3)
R = RADIAL DISTANCE FRUM PUMPED WELL, BLANK OR ZERO
SIGNALS PROGRAM A4S END TO GROUP UOF DATA,
8§ « STORAGE COEFFICIENT
T o TRANSMISSIV]ITY
PM « (P!/M!') e HYD, CUND, OF CONFINING BED DIVIDED
BY THICKNESS OF CONFINING BED,
SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED
CONVOL,0 = MUST BE INCLUDED IN DECk,

AR RRAN RN N R R AN R AN KRR TR AR AR AN AN R R RN AN AN R RN AR A AN RRARAARARNARAAN RN
DIMENSION D(12),1EXC12),X(6),H(12,6),28(12,62¢CP(L12),CT(12)

DIMENSION HI(12),HRC12),G1(12),G2(12)

DIMENSION H3(12),HU4(12),03(12),uv4(12)

CGMMUN AQ(6),TI(9),A2(9),B81(9),Q3T,DELTA,TSTAR

DATA CP/12a! Tw!/,CT/12«01/Unl/,D/122 100"/

DATA Hisiaw! 8('/,H2/124'ReT)H/,Q1/12%0 Y/7,Q2/71200Q(T)'/
DATA H3/f2n!? S1/ )i/ 2#10(T)V/,u3/712%1 QTV/,uu/82a0)/QRY Y/
DATA X/140145,2¢134045¢07,/

T1(1)80,

N8SO00

READ (S,18,ENDm1T) TBEGIN,TEND,IG,QR

IF (lu LT,4) READ (%,19) QST,DELTA,TSTAR

IF (10,EG,4) READ (5,19) AQ

IF (IU,EW,5) READ (S5/,19) (TICI),AI(]),BI(1),[®2,9)

WRITE (&,24)

READ (5,19) R,S,7,Pm

1IF (R,EQ,0,) GO YO

ASReaR*S/(4,nT)

BaPM/8

YSALOGIO(TBEGIN)

HRT
HRY
HRTY
HRT
HRT
HRT
HRT
HRY
HRY
HRT
HRT
HRT
HRT
HRY
HRT
KRY
HRT
MRT
HRT
HRT
MRT
HRT
HRT
HRT
HRT
HRY
HRT
HRT
HKT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRY
HRT
HRT
HRT
HRT
HiKT
HRT
HRT
HRT
HRT
HRT
HRT
HRY
HRTY
HRY
HRY
HRT
HRYT
HKT

103

24
28
26
a7
28
29
30
31
32
33
34
18
36
37
38
39
40
W1
42
43
44
4s
b
47
48
]
-1
51
52
s3
sS4

56
57
58
59
60
61
62
63

65
66
67
68
69
70
74
72
73
74
75
76
n
78
79
80
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TaBLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

IF (y) 3,5,4

Yay= 001}

GO T0 S

Ysye,v01l

I1BEGINBY

Y2ALOGLO0(TEND)

IF C(Y) 6,8,7

YsYe 0014

GO TU 8

YsY+,001

IENDmY

MEJENDw]BEGING]

IF (M,GT,12) mmyp

DO 10 I3g,m

1IEXCI)=[BEGINSI=]

YE10,xx(IBEGINOel)

00 10 Jsi,é

TIMERX(J)wY

IF (QR,GT,0,) TIMEaA*TIME

CALL CONVOL(TIME,A,BsN,1Q,8UM)

IF (QR{GT404) GO T0O 9
M(lyJ)mSUM/(12,5664nT)

Q8(1,J)eQ(TIME, IQ)

GO TO 10

H(I,J)S8UM/QR

QS(1,J)sQA(TIME,IQ)/QR

CONTINUE

KuM

IF (M,6T,6) Kab

IF (GR,GT,0,4) GO TD 11}

WRITE (6s20) AyB,(CPLI),D(1),IEX(I),Im),K)
WRITE (6,21) (M1(I),M2(1),Q1(I).,Q2(1),In1,K)
G0 10 12

WRITE (6,25) A,8,QR, (CT(I),0CI),IEX(I),1I31,K)
WRITE (6s21) (H3(I),H4(I),03(1),Q4(1),101,K)
DO 13 Jsi,s .

WRITE (6,22) X(J),(H(1,J),08(1,Jd),121,K)
CONTINUE

IF (M LE.b6) GD 71O 2

KiaKel

IF (GR,GT,04) GO TO 14

WRITE (6923) (CP(I),D(I),IEXCI),mKY,M)
WRITE (6,21) (MI(1),HRCII,Q1(CI)s02(1),18K 1, M)
GO T0 5

WRITE (6,26) (CYC(I),D(1),1EX(I),1uK],M)
WRITE (6,21) (HM3(I),M4(1),03(1),04(]), exy,M)
DO 16 Js),s

WRITE (6,22) XCJ)p(H(LsJ))QS(1,J),1aK1,M)
CONTINUE

GO 10 2

8TOP

FORMAT (2E10,5,4X,11,5%X,E10,5)
FORMAT (6E10,3)

HRT
HRY
HRT
HRT
HRY
HRY
HRT
HRT
HRT
HRY
HRY
HRT
HRT
MRT
HRT
HRT
HWRT
HRTY
HRY
HrT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
rike)
WRT
HRT
HRT
MRY
HRT
HRT
HRT
HRT
HRT
MRT
HRT
HRT
HRY
HRT
HRT
HRT
HRT
MRT
HRT
HRT
HRT
HRT
HRT
MRT

FORMAT (10!, 'Rea248/(UxTRANS)®!,1PELQ,3,!, K't/(SxBI1)al! E10,3/10FHRY

1,2Xe'71,5%,6(2A4,12,9%))
FORMAT (' 1,ux,6(2A4,2X,2A0,1X))

HRT
HRY
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TABLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

22 FURMAT (1 ',Fu,1,6(0PF8,3,1PE1L,3)) HRT 138
23 FURMAT ('0!,2x,'T!,S5X,6(2A4,12,9X)) HRT 139

24 FORMAT ({M1) HRT 140
25 FORMAT (10!, 'Rea#8/(4oTRANS)E!,4PEL0,3,"', K1 /(SeBI1)8!,E10,3,1, HRT 14}
1GRSY GE10,3/101,1X,t1/U",4d4X,0(244,12,9X)) WRT 142

26 FURMAT (10',1x,01/7U1,4xX,6(2A4,12,9X)) HRT 143
END HRT l4de
SUBROUTINE CONVUL(TIME,A,B,N,IQ,8UM) CON 1
CRANRARARA AR AR RN R R AR A A RNR N ANRN RN R ARR RS R AR RN R ERR AR N ARRANRNNAARR AN AANARAD CON 2
CUN 3

c PURPQOSE CON )
c COMPUTES VALUES OF THE CONVOLUTION INTEGRAL FUR LEAKY CUN 5
c AQUIFERS, THE INTEGRAL I8, FROM 0 10 T, UF CoN 6
c QCToT!)/TIaEXP(@A/T 'eBaT!)aDT!, CON 7
o DESCRIPTIUN OF PARAMETERS CON 8
C ApB,8UM AKE REAL; N,IQ ARE INTEGER, CON 9
c A o Ran2xS/(ynT) = RADIAL DISTANCE SQUARED » STURAGE CON (0
o COEFFICIENT / 4 o TRANSMISSIVITY, CON 11
¢ B o PI/(SemM!) @ HYD, COND, OF COUNFINING BEO DIVIDED BY CoN g2
c AQUIFER STORAGE COEFFICIENT » THICKNESS OF CONF, BED, CON 13
c N = NUMBER OF INCREMENTS FOR EACH INTERVAL OF THE 8UM, CON 14
¢ IG « INOICATES FORM UF DISCHARGE FUNCTION, CON 8
o SUBROQUTINES AND FUNCTION SUBPRUGRAMS REQUIRED CON {6
c ¢ CON 17
C METHOD CON 18
c APPROXIMATES INTEGRAL BY SUMMING THE TRAPEZQIDAL RULE APPLIED CON 19
c TO A SEQUENCE OF SEGMENTS, LOWER LIMIT OF FIRST SEGMENT I8 CON 20
o PICKED AT PUINT wHERE EXPUNENT > =100 , CoNn 21
c If SUCH A PUINT DOES NOT EXIST (AnxB > 2500) A FUNCTIOUN VALUE CoN 22
¢ UF 0 18 RETURNED, UPPER LIMIT ® 10 » LOWER LIMIT FQR EACH cCon 23
c SEGMENT, USES INCREMENT OF DELTA T' = (UeL)/N wHERE N 18 THE CON 24
c NUMBER OF INCREMENTS IN THE CALL, CEASES SUMMATIUN wWHEN CON 25
¢ EXPONENT € ef0f , CON 26
c CON 27
AR AR AR R RN AR R A AN R R A AR NANA RN R A A AN A AR NN R RN N RARNNANRNRR AN RRRONRRAR R ANRN R AR CON 28
REALw8 DSUM CON 29
REAL#*4 NEWT,NEWTP,NEWX,NEWF CON 30
DSuMe( 040 CUN 3%

1880 CON 32

o INITIAL 7' COMPUTED FROM A,B CON 33
ABEA#B CUN 34

IF (AB,GE,2500,) GU TCO 7 CON 38

1IF (B,67,0,) GO TO 2 CON 36

1 OLDTs,uinA CON 37

GO T0 3 CON 38

2 OLDT®(},#8QRT(1,24B/2500,))#50,/8 CUN 39

IF (ULDT,EQ,0,) GO TO ! CON 4o

c INITIAL TeT? CON 4
3 OLOTPaYIMESULDT CON 42
OLOX3«A/0LOTeRa(LDT CUN 43
OLOF=Q(OLDLTP,IQIXEXP(OLOX)/Z0LOT CON 44

C END OF SUMMATION SEGMENT IS8 10 TIMES THE BEGINNING Cun 4S
4 ENDT=10,#0L0T CON 4e

IF (ENDTLLT,TIME) GO TU S CON 47

IF (OLDT.GE.TIME) GO TO 7 CON 48

I18s} Cun 49

ENDTBTIME CON

un
o
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TaBLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

c DELTA T! I8 COMPUTED FROM LENGTH AND NUMBER UF INCREMENTS
S DELTR(ENDTeOLDT)I/N
DO 6 IsyiyN
o T' 18 INCREMENTED BY DELTA T
NEnTa0LDT+DELT
NEWNXBwA/NEWTwRANEWT
C TERMINATES SUMMATION WHEN EXP(wA/T'eBaTt) < §,37Eedd
IF (NEwX,LT,2101,) GO TO 7
NEWTPSTIMEmNEWT
NEWFSO(NEWTP,IQIREXP(NEWX) /NEWT
DSUMaDSUMe (NEwWF «GLDF)DELT
OLOTENE«T :
OLDFsNEWF
6 CONTINUE
IF (18,6Y,0) GO YO 7
o IF TV < T, BEGINS A NEW SEGMENT
GO Tu 4
7 SUMBDSUM/Z2,D+0
RETURN
END

FUNCTION Q(TIME, 1)
cﬁ*ti'iﬁﬂ"*tﬁﬁ'iﬁﬁiﬂ't!ﬁ"ﬁt.tttﬂil*'ttt'itit‘iﬁt'i*ttﬁt'i!i"ttiﬁ!*ti

PURPQSE
COMPUTES THE DISCHARGE FUNCTION, Q(T)
DESCRIPTIUN OF PARAMETERS
TIME » REAL o ELAPSED TIME SINCE BEGINNING OF DISCHARGE,
10 = INTEGER o INDICATES FORM OF DISCHARGE FUNCTION,
10m)1,2,3, CASES A,8,C,) RESPECTIVELY, UF HANTUSH)M 84
1964, HYDRAULICS OF wELLS IN CHOW, VEN TE, ED,,
ADVANCES IN HYDROSCIENCE, vOL, 18 ACADEMIC PRESS,
NEW YORK, P, 343,344,
104, DISCHARGE IS A FIFTH DEGREE POLYNUMIAL OF TIME,
IusS, DISCHARGE IS A PIECEWISE LINEAR FUNCTION OF UP TO
8 SEGMENTS,
ME THOD
FORTRAN EVALUATION OF PUNCTIOUNS,

OO0

ANARA R AR RN A AN RN R AN RANN AR B AR AN AN RN AN RN ANARANARRA AR RRANARRAREARRANNNN

COMMON AQ(O),TI(9),)AZ(9),BI(9),QST,DELTA,TSTAR
GO TO (1,2,3,4,5), 10

1 OuQ8TYW (), ¢DELTAREXP(@TIME/TSTAR))
RETURN

e OsQUST™(] ,+DELTA/(1,+TIME/TSTAR))
RETURN

3 QuOSTw() ¢DELTA/SORT(},+TIME/TETAR))
RETURN

4 QOA?(I)‘YINEt(AQ(Z)QTIME!(AO(3)#YINE'(AQ(“)#TIME'(‘Q(S)’TINE'AQ(b)
1))
RETURN

S D0 6 I=2,9
IF (TIMELE,TI(1)) GO TO 7

6 CONTINUE
1=9

7 QuAI(I)*BIC(I)e(VTIMETI(I=]1]))
RETURN
END

GPO 689-143

CUN
CON
Caw
CON
CON
CON
CON
CON
CUN
CUN
CUN
CuN
CUN
CON
CON
CON

CON

CUN
CON
CUN
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